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Abstract
We generalize our analysis in [arXiv:1301.1977], and show that a 5d and 6d AGT corre-
spondence for SU(N) – which essentially relates the relevant 5d and 6d Nekrasov instanton
partition functions to the integrable representations of a q-deformed and elliptic affine WN -
algebra – can be derived, purely physically, from the principle that the spacetime BPS spectra
of string-dual M-theory compactifications ought to be equivalent. Via an appropriate defect,
we also derive a “fully-ramified” version of the 5d and 6d AGT correspondence where inte-
grable representations of a quantum and elliptic affine SU(N)-algebra at the critical level
appear on the 2d side, and argue that the relevant “fully-ramified” 5d and 6d Nekrasov
instanton partition functions are simultaneous eigenfunctions of commuting operators which
define relativistic and elliptized integrable systems. As an offshoot, we also obtain various
mathematically novel and interesting relations involving the double loop algebra of SU(N),
elliptic Macdonald operators, equivariant elliptic genus of instanton moduli space, and more.
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1. Introduction, Summary and Acknowledgements
In 2009, Alday-Gaiotto-Tachikawa verified in [1] that the Nekrasov instanton partition
function of a 4d N = 2 conformal SU(2) quiver theory is equivalent to a conformal block
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of a 2d CFT with W2-algebra symmetry that is Liouville theory. This celebrated 4d-2d
correspondence, better known since as the AGT correspondence, was soon proposed to also
hold for a 4d N = 2 asymptotically-free SU(2) theory [2], and a 4d N = 2 conformal SU(N)
quiver theory where the corresponding 2d CFT is an AN−1 conformal Toda field theory which
has WN -algebra symmetry [3].
The basis for the AGT correspondence for SU(N) – as first pointed out in [4] – is a
conjectured relation between the equivariant cohomology of the moduli space of SU(N)-
instantons and the integrable representations of an affine WN -algebra. This conjectured
relation was proved mathematically in [5, 6], and physically derived in [7] via the princi-
ple that the spacetime BPS spectra of string-dual M-theory compactifications ought to be
equivalent.
“Ramified” generalizations of the AGT correspondence for pure SU(N) involving arbi-
trary surface operators were later proposed in [8, 9], where they were also physically derived
in [7] via the principle that the spacetime BPS spectra of string-dual M-theory compacti-
fications ought to be equivalent. For a full surface operator, the correspondence was also
proved purely mathematically in [10].
The AGT correspondence also implies certain relations between the Nekrasov instan-
ton partition function and 2d integrable systems. An example would be the conjecture
in [4], which asserts that the “fully-ramified” Nekrasov instanton partition function should
be related to Hitchin’s integrable system. This was again physically derived using M-theory
in [7].
Our main aim is to furnish in a pedagogical manner, a fundamental M-theoretic deriva-
tion of a 5d and 6d analog of the above 4d-2d relations, by generalizing our analysis in [7].
Let us now give a brief plan and summary of the paper.
A Brief Plan and Summary of the Paper
In §2, we will first review the M-theoretic derivation of a 4d pure AGT correspondence
in [7]. Then, we will generalize the analysis in loc. cit. to furnish an M-theoretic derivation
of a 5d AGT correspondence for pure SU(N) in the topological string limit. In particular,
we find that the corresponding 5d Nekrasov instanton partition function can be expressed
as the inner product of a coherent state in an integrable module over a universal central
extension of the double loop algebra of SU(N). Our result therefore sheds further light on
an earlier field-theoretic result by Nekrasov-Okounkov in [11] regarding the aforementioned
5d Nekrasov instanton partition function.
In §3, we will first review the M-theoretic derivation of a 4d AGT correspondence for
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a conformal linear quiver theory in [7]. Then, we will generalize the analysis in loc. cit. to
furnish an M-theoretic derivation of a 5d AGT correspondence for SU(N) with Nf = 2N
fundamental matter. In starting with the N = 1 case, we will first make contact with
what is known as a Ding-Iohara algebra, whence for the N > 1 case, we find that the
corresponding 5d Nekrasov instanton partition function can be expressed as a four-point
correlation function on a sphere of vertex operators of an integrable module over a q-deformed
affine WN -algebra. Our result therefore serves as a purely physical M-theoretic proof of a
mathematical conjecture by Awata-Feigin-Hoshino-Kanai-Shiraishi-Yanagida in [13], of a 5d
analog of the AGT correspondence for SU(N) with Nf = 2N fundamental matter. Last
but not least, we will proceed in the same manner to furnish an M-theoretic derivation
of a 5d AGT correspondence for pure SU(N), where we find that the corresponding 5d
Nekrasov instanton partition function – which is also given by an equivariant index of the
Dirac operator on the moduli space of SU(N)-instantons – can be expressed as the inner
product of a coherent state in an integrable module over a q-deformed affine WN -algebra –
which is also given by a Whittaker function on the q-deformed affineWN -algebra. Our result
therefore serves as an SU(N) generalization of a 5d analog of the AGT correspondence for
pure SU(2) first proposed and checked by Awata-Yamada in [14]. Furthermore, as an offshoot
of our physical analysis in the topological string limit, we also have the novel representation-
theoretic result that a Whittaker vector in a level N module over a (certain specialization
of the) Ding-Iohara algebra is also a Whittaker vector in a module over a universal central
extension of the double loop algebra of SU(N).
In §4, we will first review the M-theoretic derivation of a 4d “fully-ramified” pure AGT
correspondence in [7]. Then, we will generalize the analysis in loc. cit. to furnish an M-
theoretic derivation of a 5d “fully-ramified” AGT correspondence for (i) pure SU(N) and
(ii) SU(N) with single adjoint matter, in the Nekrasov-Shatashvilli (NS) limit. In particular,
we find that the corresponding 5d Nekrasov instanton partition function can be expressed
as (i) the inner product of a coherent state in an integrable module over a quantum affine
SU(N)-algebra at the critical level and (ii) a one-point correlation function on a torus of a
vertex operator of an integrable module over a quantum affine SU(N)-algebra at the critical
level. Along the way, we will also argue that the corresponding 5d Nekrasov instanton
partition function ought to be a simultaneous eigenfunction of commuting operators which
define a (i) relativistic periodic Toda integrable system and (ii) relativistic elliptic Calogero-
Moser system. As an offshoot, we also have the interesting result that the simultaneous
eigenfunctions of an elliptic generalization of the celebrated Macdonald operators can be
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understood as one-point correlation functions of a 2d QFT on a torus whose underlying
symmetry is generated by a quantum affine SU(N)-algebra at the critical level.
In §5, we will generalize our analysis in §3 to furnish an M-theoretic derivation of a
6d AGT correspondence for the non-anomalous case of an SU(N) theory with Nf = 2N
fundamental matter. In starting with the N = 1 case, we will first make contact with
what is known as an elliptic Ding-Iohara algebra, whence for the N > 1 case, we find that
the corresponding 6d Nekrasov instanton partition function – which is also given by an
equivariant elliptic genus on the moduli space of SU(N)-instantons – can be expressed as a
two-point correlation function on a torus of vertex operators of an integrable module over
an elliptic affine WN -algebra.
In §6, we will generalize our analysis in §4 to furnish an M-theoretic derivation of a
6d “fully-ramified” AGT correspondence for SU(N) with Nf = 2N fundamental matter in
the NS limit. In particular, we find that the corresponding 6d Nekrasov instanton partition
function can be expressed as a two-point correlation function on a torus of vertex operators
of an integrable module over an elliptic affine SU(N)-algebra at the critical level. Along
the way, we will also argue that the corresponding 6d Nekrasov instanton partition function
ought to be a simultaneous eigenfunction of commuting operators which define an elliptized
integrable system.
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2. An M-Theoretic Derivation of a 5d Pure AGT Correspondence in the Topo-
logical String Limit
2.1. An M-Theoretic Derivation of a 4d Pure AGT Correspondence: A Review
We shall now review how an expected equivalence of the 6d spacetime BPS spectra of
physically dual M-theory compactifications would allow us to derive a 4d AGT correspon-
dence for pure SU(N) [7].
To this end, recall from [7, (5.9) and (5.11)] that we have the following physically dual
M-theory compactifications
R4|1,2 × Σt︸ ︷︷ ︸
N M5-branes
×R5|3;x6,7 ⇐⇒ R5|3;x4,5 × C × TNR→0N |3;x6,7︸ ︷︷ ︸
1 M5-branes
. (2.1)
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Here, we have a common half-BPS boundary condition at the tips of the interval It ⊂ Σt =
S1 × It (that is realized by a pair of M9-branes which span all directions normal to them);
the radius of S1 is β; It  β; C is a priori the same as Σt; and the i’s are parameters of
the Omega-deformation along the indicated planes,1 where the directions spanned by the
M5-branes are:
0 1 2 3 4 5 6 7 8 9 10
N M5’s − − − − − −
1 M5 − − − − − −
(2.2)
with x0 and x1 being the coordinates on It and S1, respectively. (Note that if z = x2 + ix3
and w = x4 + ix5, R4 can be viewed as a complex surface C2 whose coordinates are (z, w).
Likewise, if u = x6 + ix7 and v = x8 + ix9, TN
R→0
N can be viewed as a complex surface whose
singularity at the origin would be modeled by C2/ZN , where (u, v) are the coordinates on
C2.)
The Spectrum of Spacetime BPS States on the LHS of (2.1)
Let us first discuss the spectrum of spacetime BPS states along R5|3;x6,7 × It on the
LHS of (2.1). In the absence of Omega-deformation whence i = 0, according to [7, §5.1], the
spacetime BPS states would be captured by the topological sector of the N = (4, 4) sigma-
model on Σt with target the moduli space MSU(N) of SU(N)-instantons on R4. However,
in the presence of Omega-deformation, as explained in [7, §5.1], as one traverses a closed
loop in Σt, there would be a g-automorphism of MSU(N), where g ∈ U(1)× U(1)× T , and
T ⊂ SU(N) is the Cartan subgroup. Consequently, the spacetime BPS states of interest
would, in the presence of Omega-deformation, be captured by the topological sector of a
non-dynamically g-gauged version of the aforementioned sigma-model.2 Hence, according
to [16] and our arguments in [7, §3.1] which led us to [7, eqn. (3.5)], we can express the
1Thess parameters are real in our formulation, and for later convenience, we shall consider them to have
the opposite sign.
2The relation between g-automorphisms of the sigma-model target space and a non-dynamical g-gauging
of its worldsheet theory, is explained in [15, §2.4 and §5]. For self-containment, let us review the idea here.
Consider a sigma-model with worldsheet Σt, target spaceMSU(N), and bosonic scalar fields Φ. In the usual
case where there is no action on MSU(N) as we traverse a closed loop in Σt, one would consider in the
sigma-model path-integral, the space of maps Φ : Σt →MSU(N), which can be viewed as the space of trivial
sections of a trivial bundle X = MSU(N) × Σt. If however there is a g-automorphism of MSU(N) as we
traverse a closed loop in Σt, X would have to be a nontrivial bundle given by MSU(N) ↪→ X → Σt; then,
Φ(z, z¯) will not represent a map Σt → MSU(N), but rather, it will be a nontrivial section of X. Thus,
since Φ is no longer a function but a nontrivial section of a nontrivial bundle, its ordinary derivatives must
be replaced by covariant derivatives. As the nontrivial structure group of X is now g, replacing ordinary
derivatives by covariant derivatives would mean introducing on Σt gauge fields A
a, which, locally, can be
regarded as (Lieg)-valued one-forms with the usual gauge transformation law Aa′ = g−1Aag+g−1dg, where
g ∈ g. This is equivalent to gauging the sigma-model non-dynamically by g.
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Hilbert space HΩBPS of spacetime BPS states on the LHS of (2.1) as
HΩBPS =
⊕
m
HΩBPS,m =
⊕
m
IH∗U(1)2×T U(MSU(N),m), (2.3)
where IH∗U(1)2×T U(MSU(N),m) is the U(1)2×T -equivariant intersection cohomology of the Uh-
lenbeck compactification U(MSU(N),m) of the (singular) moduli space MSU(N),m of SU(N)-
instantons on R4 with instanton number m.
Notably, as explained in [7, §5.1], the partition function of these spacetime BPS states
would be given by the following 5d (brane) worldvolume expression
ZBPS(1, 2,~a, β) =
∑
m
TrHm exp β(1J1 + 2J2 + ~a · ~T ), (2.4)
where ~T = (T1 . . . , TrankSU(N)) are the generators of the Cartan subgroup of SU(N); ~a =
(a1, . . . , arankSU(N)) are the corresponding purely imaginary Coulomb moduli of the SU(N)
gauge theory on R4|1,2 ; J1,2 are the rotation generators of the x2-x3 and x4-x5 planes,
respectively, corrected with an appropriate amount of the SU(2)R-symmetry to commute
with the two surviving worldvolume supercharges; and Hm is the space of holomorphic
functions on the moduli spaceMSU(N),m of SU(N)-instantons on R4 with instanton number
m.
The Spectrum of Spacetime BPS States on the RHS of (2.1)
Let us next discuss the corresponding spectrum of spacetime BPS states along R5|3;x4,5×
It on the RHS of (2.1). As explained in [7, §5.2], the spacetime BPS states would be furnished
by the I-brane theory in the following type IIA configuration:
IIA : R5|3;x4,5 × C × R3|3;x6,7︸ ︷︷ ︸
I-brane on C = ND6 ∩ 1D4
. (2.5)
Here, we have a stack of N coincident D6-branes whose worldvolume is given by R5|3;x4,5×C,
and a single D4-brane whose worldvolume is given by C × R3|3;x6,7 .
Let us for a moment turn off Omega-deformation in (2.5), i.e., let 3 = 1+2 = 0. Then,
as explained in [7, §5.2], the spacetime BPS states would be furnished by N complex chiral
fermions on C which effectively realize a chiral WZW model at level 1 on C, WZWlevel 1su(N)aff ,
where su(N)aff is the affine SU(N)-algebra.
7
Now turn Omega-deformation back on. As indicated in (2.5), as one traverses around
a closed loop in C, the x4-x5 plane in R4|3;x4,5 ⊂ R5|3;x4,5 would be rotated by an angle of
3 together with an SU(2)R-symmetry rotation of the supersymmetric SU(N) gauge theory
along R4|3;x4,5 . As such, Omega-deformation in this instance would effect a g′-automorphism
ofMSU(N),l as we traverse around a closed loop in C, whereMSU(N),l is the moduli space of
SU(N)-instantons on R4 with instanton number l; g′ = exp β(3J3+~a · ~T ′); J3 is the rotation
generator of the x4-x5 plane corrected with an appropriate amount of SU(2)R-symmetry
to commute with the D6-brane worldvolume supercharges; ~T ′ = (T ′1 . . . , T
′
rankSU(N)) are
the generators of the Cartan subgroup T ′ ⊂ SU(N); and ~a = (a1, . . . , arankSU(N)) are the
corresponding purely imaginary Coulomb moduli of the SU(N) gauge theory on R4|3;x4,5 .
In fact, sinceMSU(N),l is also the space of self-dual connections of an SU(N)-bundle on R4,
and since these self-dual connections correspond to differential one-forms valued in the Lie
algebra su(N), Omega-deformation also means that there is a g′-automorphism of the space
of elements of su(N) and thus SU(N), as we traverse a closed loop in C.
Note at this point that WZWlevel 1su(N)aff can be regarded as a (chiral half of a) SU(N) WZW
model at level 1 on C. Since a G WZW model on Σ is a bosonic sigma-model on Σ with target
the G-manifold, according to the last paragraph, it would mean that Omega-deformation
would effect a g′-automorphism of the target space of WZWlevel 1su(N)aff as we traverse a closed
loop in C, where g′ ∈ U(1)× T ′. In turn, according to footnote 2, it would mean that in the
presence of Omega-deformation, we would have to non-dynamically gauge WZWlevel 1su(N)aff by
U(1)× T ′.
That being said, notice also from (2.5) that as one traverses around a closed loop in C,
the x6-x7 plane in R3|3;x6,7 would be rotated by an angle of 3 together with an R-symmetry
rotation of the supersymmetric U(1) gauge theory living on the single D4-brane, i.e., Omega-
deformation is also being turned on along the D4-brane. As explained in [7, §5.2], this means
that we would in fact have to non-dynamically gauge WZWlevel 1su(N)aff not by U(1)× T ′ but by
T ⊂ T ′.
At any rate, because SU(N)/T ′ ' SL(N,C)/B+, where B+ is a Borel subgroup, it
would mean that SU(N)/T ' (SL(N,C)/B+) × (T ′/T ). Also, T ′/T is never bigger than
the Cartan subgroup C ⊂ B+ = C × N+, where N+ is the subgroup of strictly upper
triangular matrices which are nilpotent and traceless whose Lie algebra is n+. Altogether,
this means that our gauged WZW model which corresponds to the coset model SU(N)/T ,
can also be studied as an S-gauged SL(N,C) WZW model which corresponds to the coset
model SL(N,C)/S, where N+ ⊆ S ⊂ B+. As physically consistent H-gauged G WZW
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models are such that H is necessarily a connected subgroup of G, it will mean that S = N+.
Therefore, what we ought to ultimately consider is an N+-gauged SL(N,C) WZW model.
Before we proceed any further, let us make a slight deviation to highlight an important
point regarding the effective geometry of C. As the simple roots of N+ form a subset of the
simple roots of SL(N,C), the level of the affine N+-algebra ought to be the equal to the
level of the affine SL(N,C)-algebra [17] which is 1. However, it is clear from our discussion
hitherto that the affine N+-algebra, in particular its level, will depend nontrivially on the
Omega-deformation parameters which may or may not take integral values; in other words,
its level will not be equal to 1. A resolution to this conundrum is as follows. A deviation of
the level of the affine N+-algebra from 1 would translate into a corresponding deviation of
its central charge; since a central charge arises due to an introduction of a macroscopic scale
in the 2d system which results from a curvature along C [18], it would mean that Omega-
deformation ought to deform the a priori flat C = Σt into a curved Riemann surface with the
same topology – that is, a Riemann sphere with two punctures – such that the anomalous
deviation in the central charge and therefore level, can be consistently “absorbed” in the
process. Thus, we effectively have C = S2/{0,∞}, so C can be viewed as an S1 fibration
of It whose fiber has zero radius at the two end points z = 0 and z = ∞, where ‘z’ is a
holomorphic coordinate on C.
Coming back to our main discussion, it is clear that in the schematic notation of [7,
§3.1], our N+-gauged SL(N,C) WZW model can be expressed as the partially gauged chiral
CFT
sl(N)aff,1/n+aff,p (2.6)
on C, where the level p would, according to our discussions thus far, necessarily depend on
the Omega-deformation parameters ′1 = β1 and 
′
2 = β2. (p, being a purely real number,
should not depend on the purely imaginary parameter ~a′ = β~a).
In sum, the sought-after spacetime BPS states ought to be given by the states of the
partially gauged chiral CFT in (2.6), and via [7, §B] and [19, eqn. (6.67)], we find that this
chiral CFT realizes an affine WN -algebra obtained from sl(N)aff via a quantum Drinfeld-
Sokolov reduction. In other words, the states of the chiral CFT would be furnished by a
Verma module ŴN over the affine WN -algebra, and the Hilbert space HΩ′BPS of spacetime
BPS states on the RHS of (2.1) can be expressed as
HΩ′BPS = ŴN . (2.7)
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An AGT Correspondence for Pure SU(N)
Clearly, the physical duality of the compactifications in (2.1) will mean that HΩBPS in
(2.3) is equivalent to HΩ′BPS in (2.7), i.e.,
⊕
m
IH∗U(1)2×T U(MSU(N),m) = ŴN . (2.8)
Moreover, as explained in [7, §5.2], the central charge and level of the affine WN -algebra are
given by
cA,1,2 = (N − 1) + (N3 −N)
(1 + 2)
2
12
and k′ = −N − 2/1, (2.9)
respectively.
In the limit that β → 0, it is well-known [20] that
ZBPS(1, 2,~a, β) =
∑
m
ZBPS,m(1, 2,~a, β) (2.10)
of (2.4) behaves as ZBPS,m(1, 2,~a, β → 0) ∼ β−2mN Z4dBPS,m(1, 2,~a), whence the 4d Nekrasov
instanton partition function Zinst(Λ, 1, 2,~a) =
∑
m Λ
2mN Z4dBPS,m(1, 2,~a) can be written as
Zinst(Λ, 1, 2,~a) =
∑
m
Λ2mN Z ′BPS,m(1, 2,~a, β → 0), (2.11)
where Z ′BPS,m = lmβ
2mNZBPS,m; lm is some constant; and Λ can be interpreted as the inverse
of the observed scale of the R4|1,2 space on the LHS of (2.1).
Note that equivariant localization [21] implies that IH∗U(1)2×T U(MSU(N),m) must be
endowed with an orthogonal basis {|~pm〉}, where the ~pm’s denote the fixed points of a U(1)2×
T -action on U(MSU(N),m). Thus, since Z ′BPS,m is a weighted count of the states in HΩBPS,m =
IH∗U(1)2×T U(MSU(N),m), it would mean that one can write
Z ′BPS,m(1, 2,~a, β → 0) =
∑
~pm
l2~pm(1, 2,~a)〈~pm|~pm〉, (2.12)
where l~pm(1, 2,~a) ∈ R, and the dependence on 1, 2 and ~a arises because the energy level
of each state – given by the eigenvalue m of the L0 operator which generates translation
along S1 ⊂ Σt in (2.1) whence there is an Omega-deformation twist of the theory along
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the orthogonal spaces indicated therein – ought to depend on these Omega-deformation
parameters.
Notice that (2.12) also means that
Z ′BPS,m(1, 2,~a, β → 0) = 〈Ψm|Ψm〉, (2.13)
where
|Ψm〉 =
⊕
~pm
l~pm|~pm〉. (2.14)
Here, the state |Ψm〉 ∈ IH∗U(1)2×T U(MSU(N),m), and 〈·|·〉 is a Poincare´ pairing in the sense
of [10, §2.6].
Now consider the state
|Ψ〉 =
⊕
m
ΛmN |Ψm〉. (2.15)
By substituting (2.13) in the RHS of (2.11), and by noting that 〈Ψm|Ψn〉 = δmn, one can
immediately see that
Zinst(Λ, 1, 2,~a) = 〈Ψ|Ψ〉, (2.16)
where |Ψ〉 ∈ ⊕m IH∗U(1)2×T U(MSU(N),m). In turn, the duality relation (2.8) would mean
that
|Ψ〉 = |coh〉 (2.17)
whence
Zinst(Λ, 1, 2,~a) = 〈coh|coh〉, (2.18)
where |coh〉 ∈ ŴN . Since the RHS of (2.18) is defined at β → 0 (see the RHS of (2.11)), and
since we have in C a common boundary condition at z = 0 and z =∞, |coh〉 and 〈coh| ought
to be a state and its dual associated with the puncture at z = 0 and z = ∞, respectively
(as z = 0,∞ are the points in C where the S1 fiber has zero radius). Furthermore, as the
RHS of (2.15) is a sum over states of all possible energy levels, it would mean from (2.17)
that |coh〉 is actually a coherent state. This is depicted in fig. 1.
At any rate, since we have N D6-branes and 1 D4-brane wrapping C (see (2.5)), we
effectively have an N×1 = N -fold cover ΣSW of C. This is also depicted in fig. 1. Incidentally,
ΣSW is also the Seiberg-Witten curve which underlies Zinst(Λ, 1, 2,~a)! Moreover, it is by
now well-established (see [22] and references therein) that ΣSW can be described in terms of
11
ΣSW
N
z=0z=∞
Figure 1: C and its N -fold cover ΣSW with the states 〈coh| and |coh〉 at z = 0 and ∞
the algebraic relation
ΣSW : λ
N + φ2(z)λ
N−2 + · · ·+ φN(z) = 0, (2.19)
where λ = ydz/z (for some complex variable y) is a section of T ∗C; the φs(z)’s are (s, 0)-
holomorphic differentials on C given by
φj(z) = uj
(
dz
z
)j
and φN(z) =
(
z + uN +
ΛN
z
)(
dz
z
)N
, (2.20)
where j = 2, 3, . . . , N − 1; while for weights λ1, . . . , λN of the N -dimensional representation
of SU(N), and for s = 2, 3, . . . , N , us = (−1)s+1
∑
k1 6=···6=ks eλk1eλk2 . . . eλks (~a) and eλr =
~a ·λr. This is consistent with our results that we have, on C, the following (si, 0)-holomorphic
differentials
W (si)(z) =
(∑
l∈Z
W
(si)
l
zl
)(
dz
z
)si
, where si = ei + 1 = 2, 3, . . . , N, (2.21)
whence we can naturally identify, up to some constant factor, φs(z) with W
(s)(z). (In fact,
a U(1) R-symmetry of the 4d theory along R4|1,2 on the LHS of (2.1) which underlies
Zinst(Λ, 1, 2,~a) and ΣSW , can be identified with the rotational symmetry of S
1; the duality
relation (2.1) then means that the corresponding U(1) R-charge of the φs(z) operators that
define ΣSW , ought to match, up to a constant, the conformal dimension of the W
(s)(z)
operators on C, which is indeed the case.)
In arriving at the relations (2.8), (2.9), (2.17) and (2.18), and the identification between
the W (si)’s and the φj’s, we have just derived an AGT correspondence for pure SU(N).
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2.2. An M-Theoretic Derivation of a 5d Pure AGT Correspondence in the Topological String
Limit
Let us now consider the topological string limit 1 + 2 = 3 = 0 in our derivation of the
4d pure AGT correspondence in the last subsection. In this limit, Omega-deformation on
the RHS of (2.1) effectively vanishes. According to our discussions in the last subsection, (i)
C in the I-brane configuration (2.5) would become a flat finite cylinder Σt = S1×It again; (ii)
the partially gauged chiral CFT behind (2.6) would be ungauged. This means that instead
of (2.18), we now have
Zinst(Λ, ~,~a) = 〈u~|Λ2NL0 |u~〉. (2.22)
Here, Λ is the energy scale; ~ = 1 = −2; ~a is the Coulomb moduli of the underlying 4d pure
SU(N) theory; |u~〉 ∈ ŝu(N)aff,1, where ŝu(N)aff,1 is an integrable highest weight module over
an affine Lie algebra su(N)aff,1 of level 1; |u~〉 is a coherent state generated from the primary
state |∆~〉 of conformal dimension ∆~ ∼ ~a2/~2; and L0 is the generator of time translations
along Σt which propagates the state |u~〉 at one end by a distance ∼ 1/g2 ∼ ln Λ2N to
the other end whence it is annihilated by the state 〈u~|, where g is the underlying gauge
coupling.3
The 4d Nekrasov Instanton Partition Function and Complex Chiral Fermions
Note that if {el, hl, fl}l=0,...,N−1 are the Chevalley generators of su(N)aff,1, where the el’s
and fl’s correspond to lowering and raising operators, respectively, we can write
|u~〉 = exp
(
α
N∑
l=1
fl−1
)
|v0〉, (2.23)
where α is some normalization constant, and |v0〉 is the state corresponding to the highest
weight vector v0.
As mentioned in the last subsection, we have N complex chiral fermions
ψa(z) =
∑
r∈Z+ 1
2
ψar z
−r
(
dz
z
) 1
2
, ψ˜a(z) =
∑
r∈Z+ 1
2
ψ˜ar z
−r
(
dz
z
) 1
2
, a = 1, . . . N, (2.24)
3As the 4d gauge theory along R4|1,2 in the original compactification in (2.1) is, in this case,
asymptotically-free, the observed scale of the eleven-dimensional spacetime R4|1,2 × Σt × R5 ought to
be inversely proportional to g2; in particular, this means that the length of Σt ought to be proportional to
1/g2.
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which realize su(N)aff,1 on Σt. Consequently, by choosing α = N/~, we can also express
(2.23) as (c.f. [11])
|u~〉 = e
J−1
~ |p〉, (2.25)
whence from (2.22), the 4d Nekrasov instanton partition function would be given by
Zinst(Λ, ~,~a) = 〈p|e
J1
~ Λ2NL0 e
J−1
~ |p〉, (2.26)
where |p〉 is a vacuum state in a standard fermionic Fock space H[p] whose energy level is
p2/2 ∼ ~a2/~2, and J∓n are creation and annihilation operators in H[p], respectively, which
are constructed out of the chiral fermions. In particular, these J±1 operators obey the
Heisenberg algebra
[J1,J−1] = 1, (2.27)
because they span the modes of a free chiral boson
φ(z) = φ0 − iJ0 ln(z) + i
∑
n6=0
Jn
n
z−n, (2.28)
where
Ψ(z) =
∑
r∈Z+ 1
2
Ψr z
−r =: eiφ(z) : and Ψ˜(z) =
∑
r∈Z+ 1
2
Ψ˜r z
−r =: e−iφ(z) : (2.29)
is a single chiral fermion and its conjugate such that
ΨN(r+ρa) = ψ
a
r , Ψ˜N(r−ρa) = ψ˜
a
r , ρa =
2a−N − 1
2N
. (2.30)
We also have
L0 =
∑
r∈Z+ 1
2
r : ΨrΨ˜−r : . (2.31)
Note that by using the commutator [L0,J±1] = J±1, we can, up to a constant factor of
Λ−Np
2/2, write
Zinst(Λ
′, ~,~a) = 〈p|eΛ
′
~ J1 e
Λ′
~ J−1|p〉 = 〈coh′|coh′〉, (2.32)
where Λ′ = ΛN . Moreover, by comparing this with (2.18), we find that we can interpret
|coh′〉 and 〈coh′| as a coherent state and its dual at the z = 0 and z =∞ point on Ceff = S2.
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A 5d AGT Correspondence for Pure SU(N) in the Topological String Limit
We are now ready to derive a 5d version of (2.32). To this end, first note that the
5d version of (2.18) is just (2.18) itself but at β 6= 0. As such, if Z5dinst(Λ′, ~, β,~a) is the 5d
Nekrasov instanton partition function at 1 = −2 = ~, then, according to our discussion
following (2.18), we can write
Z5dinst(Λ
′, ~, β,~a) = 〈cir′|cir′〉, (2.33)
where |cir′〉 is a coherent state that has a projection onto a circle Cβ of radius β in Ceff = S2.
The explicit form of |cir′〉 can be determined as follows. Firstly, recall that when a quan-
tum system is confined to a space of infinitesimal size, its higher excited states would be
decoupled; nevertheless, as we gradually increase the size of the space, we would start to ob-
serve these states. Now notice that |coh′〉 = |p〉+ Λ′~ J−1|p〉+(Λ
′
~ )
2J−1J−1|p〉+. . . ; the preced-
ing statement and the last two paragraphs then mean that |cir′〉 = |p〉+ f1(Λ′, ~, β)J−1|p〉+
f2(Λ
′, ~, β)J−2|p〉+f1,1(Λ′, ~, β)J−1J−1|p〉+f2,1(Λ′, ~, β)J−2J−1|p〉+f1,2(Λ′, ~, β)J−1J−2|p〉+
f2,2(Λ
′, ~, β)J−2J−2|p〉+ . . . , where the f ’s are constants depending on the indicated param-
eters.
Secondly, notice that (i) ZBPS in (2.4) which underlies Z
5d
inst in (2.33) is invariant un-
der the simultaneous rescalings (β, ~,−~,~a) → (ζβ, ζ−1~,−ζ−1~, ζ−1~a), where ζ is some
real constant; (ii) Zinst in (2.32) (which is just the β → 0 limit of Z5dinst) is invariant under
the simultaneous rescalings (~,Λ′)→ (ζ−1~, ζ−1Λ′); and (iii) since the underlying worldvol-
ume theory of the N M5-branes on the LHS of (2.1) is scale-invariant, it would mean that
the physics ought to be invariant under the simultaneous rescalings (β,Λ′) → (ζβ, ζ−1Λ′).
Altogether, this means that the f ’s should be invariant under the simultaneous rescal-
ings (β, ~,Λ′) → (ζβ, ζ−1~, ζ−1Λ′). Thus, the f ’s should depend on (Λ′, ~, β) through the
rescaling-invariant combinations β~ and βΛ′.
Thirdly, notice that in (2.32), we can write the exponent (Λ′/~)J−1 as g(Λ′, ~) J−m−m ,
where m = 1 and g is a constant depending on the indicated parameters. The preceding two
paragraphs then mean that in order to arrive at |cir′〉, we ought to replace this exponent by∑∞
n=1 f
n(Λ′, ~, β) J−n−n , where the f
n’s are distinct constants depending on β~ and βΛ′.
Fourthly, note that when β → 0 whence only the J−1 mode acts on the vacuum state
|p〉, |cir′〉 must reduce to |coh′〉. On the other hand when β → ∞, |cir′〉 would be a state
that has a projection onto a circle of infinite radius whence it would only have zero energy;
in other words, |cir′〉 must reduce to the vacuum state |p〉 when β →∞.
Last but not least, notice that (2.15) and (2.17) mean that the mth power of Λ′ ought
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to accompany the state of energy level m in |coh′〉 (which is indeed the case as can be seen
from the expansion of |coh′〉 four paragraphs earlier). In turn, this means that fn ought to
depend on (βΛ′)n.
The above five points and a little thought then lead one to conclude that
Z5dinst(Λ
′, ~, β,~a) = 〈cir′|cir′〉 = 〈p|Γ˜+ Γ˜−|p〉 (2.34)
where
Γ˜− = exp
(
−
∞∑
n=1
(βΛ′)n
1− qn
J−n
n
)
and Γ˜+ = exp
( ∞∑
n=1
(βΛ′)n
1− q−n
Jn
n
)
(2.35)
Here, q = eβ~, and
[Jm,Jn] = mδm+n,0 (2.36)
At any rate, note that by using the commutator [L0,J±m] ∼ J±m, we can, up to a
constant factor, also write (2.34) as
Z5dinst(Λ
′, ~, β,~a) = 〈p|Γ+ (βΛ′)2L0Γ−|p〉, (2.37)
where
Γ− = exp
(
−
∞∑
n=1
1
1− qn
J−n
n
)
and Γ+ = exp
( ∞∑
n=1
1
1− q−n
Jn
n
)
. (2.38)
The relations (2.37) and (2.38) agrees with the results of Nekrasov-Okounkov in [11, §7.2.3],
as expected.
Comparing (2.34)–(2.35) with (2.32), it is clear that one can interpret |cir′〉 as a state
in an integrable module over some q-dependent affine algebra. One can ascertain this q-
dependent affine algebra as follows. Firstly, recall that the (chiral) WZW model which
underlies su(N)aff,1 on Ceff , can be regarded as a bosonic sigma model with worldsheet Ceff
and target an SU(N) group manifold. Thus, |coh′〉, which is defined over a point in Ceff ,
would be associated with a point in the space of all points into the target that is the SU(N)
group itself. Similarly, |cir′〉, whose projection is onto a loop in Ceff , would be associated
with a point in the space of all loops into the target that is the loop group of SU(N). Via
(2.34), this implies that the 5d SU(N) theory underlying Z5dinst can also be interpreted as a
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4d LSU(N) theory, where LSU(N) is the loop group of SU(N). In turn, this means that
we ought to replace su(N) with lsu(N), the Lie algebra of LSU(N), throughout. Hence,
since |coh′〉 ∈ ŝu(N)aff , we ought to have
|cir′〉 ∈ ̂lsu(N)aff (2.39)
where ̂lsu(N)aff is an integrable module over lsu(N)aff , a universal central extension of the
double loop algebra associated with su(N). This double loop algebra is the Lie algebra of
smooth maps from the torus to su(N).4
Clearly, in arriving at the boxed relations (2.34), (2.35), (2.36) and (2.39), we have just
derived a 5d AGT correspondence for pure SU(N) in the topological string limit!
The Appearance of a q-Deformed Affine WN -Algebra
Before we end this section, let us make a final comment. We have hitherto studied
only the 1 = −2 topological string limit. What about the general case of arbitrary 1,2?
Since the pure case is just the case with a single adjoint hypermultiplet matter whose mass
is infinitely large, as we shall see in the next section, the corresponding 5d pure Nekrasov
instanton partition function can be expressed in terms of coherent states in an integrable
module over a q-deformed affine WN -algebra.
3. An M-Theoretic Derivation of a 5d AGT Correspondence
3.1. An M-Theoretic Derivation of a 4d AGT Correspondence with Matter: A Review
Let us now review the M-theoretic derivation of a 4d AGT correspondence with matter
in [7]. For brevity, we shall restrict our discussion to the conformal linear quiver of n SU(N)
gauge groups.
In fig. 2(1) and fig. 2(2), we have the quiver diagram and its convenient schematic rep-
resentation, respectively. As explained in [7], the resulting effective correspondence between
the original M-theory compactification and the I-brane Ceff = S2 in the dual compactifica-
tion is as shown in fig. 2(3). Here, Σt = S
1 × It, where β is the radius of S1; the vertical
planes represent the spatial part of M9-branes; X9|i = R4|1,2 ×R5|3;x6,7 , where four of the
spatial directions of the M5-branes are along R4|1,2 ⊂ X9|i ; 3 = 1 + 2; l = lmin is the
4See [23, Part II, §5] for more on this double loop algebra.
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Figure 2: (1) The linear quiver diagram; (2) its schematic representation; (3) the resulting
effective correspondence
minimal instanton number of the underlying 4d SU(N) theory along R4|1,2 ; the mk’s are
the mass parameters associated with the flavor groups; Φ~α,mi,~ζ is an operator representing
the shaded plane which transforms the theory with underlying SU(N) Coulomb moduli ~α
to the adjacent theory with underlying SU(N) Coulomb moduli ~ζ; the subscript ‘~jp’ is the
highest weight that defines the primary operators V Q~jp
and V~jp , where the superscript ‘Q’
means that it also depends on Q = 3/
√
12; qr = e
2piiτr , where τr = 4pii/g
2
r + θr/2pi is the
complexified gauge coupling associated with the rth gauge group; and the points where the
V~jp ’s are inserted are z = 1, q1, q1q2, . . . , q1q2 . . . qn.
Clearly, the operator Φ~α,mi,~ζ also transforms the space (2.3) of BPS states of the theory
with parameter ~α to that of the adjacent theory with parameter ~ζ. Thus, we can also describe
Φ as the following map:
Φ~α,mi,~ζ : H~α → H~ζ , where H~ap =
⊕
l
IH∗U(1)2×T U(MSU(N),l)⊗ C(1, 2,~ap), (3.1)
and H~ap is the space of BPS states of the theory with parameter ~ap.
At any rate, in the case of a conformal linear quiver of n SU(N) gauge groups, the
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expression (2.11) for the 4d Nekrasov instanton partition function ought to be replaced by
Z lininst(q, 1, 2, ~a,m) =
∑
l1,l2...,ln
ql11 q
l2
2 · · · qlnn Z linBPS,l1,l2,...,ln(1, 2, ~a,m, β → 0), (3.2)
where li is the instanton number associated with the SU(N)i gauge group, and Z
lin
BPS,l1,l2,...,ln
is the partition function of the aforementioned BPS states associated with the left diagram
in fig. 2(3). This partition function can be viewed as a sum over BPS states that propagate
from the rightmost to the leftmost end of the diagram which undergo transformations of the
kind described in (3.1) due to the presence of the shaded planes; in other words, one can
also write
Z lininst(q, 1, 2, ~a,m) = m1〈∅|Φ~a1,m2,~a1 ql11 Φ~a1,m3,~a2 ql22 · · ·Φ~an−1,mn+1,~an qlnn Φ~an,mn+2,~an|∅〉mn+3 ,
(3.3)
where m1〈∅| and |∅〉mn+3 are the minimum energy BPS states at the leftmost and rightmost
end of the diagram that are associated withm1 andmn+3, respectively, while li is an instanton
number operator whose eigenvalue is the instanton number li associated with the BPS states.
Note at this point that the duality relation in (2.8), the discussion following it, and the
map (3.1), also mean that
Φ~α,mi,~ζ : Vj(~α) → Vj(~ζ), (3.4)
where Vj(~ap) is a Verma module over an affine WN -algebra of central charge and highest
weight
c = (N − 1) + (N3 −N) 
2
3
12
and j(~ap) =
−i~ap√
12
+ iQ~ρ, (3.5)
with ~ρ being the Weyl vector of su(N). Consequently, Φ can also be interpreted as a primary
vertex operator V acting on V ; this underlies the correspondence between Φ~α,mi,~ζ and V~ji in
fig. 2(3). Similarly, the duality relation in (2.8), and the discussion following it, underlie the
correspondence between m1〈∅| and |∅〉mn+3 and 〈V Q~j1 | and |V
Q
~jn+3
〉 in fig. 2(3).
Hence, the correspondence depicted in fig. 2(3), and our explanations in the last three
paragraphs, mean that we can write
Z lininst(q, 1, 2, ~a,m) = Z
lin(q, i,m) ·
〈
V Q~j1
(∞)V~j2(1)V~j3(q1) . . . V~jn+2(q1q2 . . . qn)V Q~jn+3(0)
〉
S2
.
(3.6)
The independence of the factor Z lin on ~a is because the ~ap’s have already been “contracted”
in the correlation function – see the RHS of (3.3).
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Figure 3: Ceff and its N -fold cover ΣSW with primary operators inserted at the n+3 punctures
z =∞, 1, q1, q1q2, . . . , q1q2 . . . qn, 0.
According to (3.5), the fact that the ap’s and the mk’s have the same dimension, and
the fact that V Qj1 and V
Q
jn+3
ought to depend on m1 and mn+3, respectively, one can conclude
that
~j1 =
−i~m1√
12
+
i~ρ 3√
12
and ~jn+3 =
−i~mn+3√
12
+
i~ρ 3√
12
, (3.7)
where the N − 1 component vectors ~m1 and ~mn+3 depend on m1 and mn+3.
Similarly, one can conclude, after noting that Q vanishes where the V~ju operators are
inserted [7], that
~ju =
−i~mu√
12
for u = 2, 3, . . . , n+ 2, (3.8)
where the N − 1 component vector ~mi depends on mi.
Last but not least, note that like in §2.1, we effectively have N D6-branes and 1 D4-
brane wrapping Ceff , i.e., we effectively have an N × 1 = N -fold cover ΣSW of Ceff . This
is depicted in fig. 3. Incidentally, ΣSW is also the Seiberg-Witten curve which underlies
Z lininst(q, 1, 2, ~a,m)! In fact, ΣSW can be described in terms of the algebraic relation [24]
ΣSW : λ
N +
N∑
k=2
λN−kφk(z) = 0, (3.9)
where λ = ydz/z (for some complex variable y) is a section of T ∗Ceff , and the φk(z)’s are
(k, 0)-holomorphic differentials on Ceff with poles at the punctures z =∞, 1, q1, q1q2, . . . ,
q1q2 . . . qn that are determined by the matter content of the 4d theory. In particular, near
the puncture z = zs, we have
φ2(z) ∼ u
(2)
s dz2
(z − zs)2 , (3.10)
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and from the correspondence between φ2(z) and the holomorphic stress tensor W
(2)(z) (es-
tablished in §2.1, which thus applies here too), we have
W (2)(z)V~js(zs) ∼
u
(2)
s
(z − zs)2V~js(zs), (3.11)
where V~js(zs) can be V
Q
~js
(zs) or V~js(zs). In other words, the conformal dimension of the
primary operator V~js(zs) is equal to u
(2)
s , i.e., we have
~j2s
2
− i3√
12
~js · ~ρ = u(2)s , where s = 1, 2, . . . , n+ 3, (3.12)
from which we can ascertain the explicit form of the mass vectors ~ms in (3.7) and (3.8).
In arriving at the relations (3.1), (3.4), (3.5), (3.6), (3.7), (3.8) and (3.12), we have just
derived the 4d AGT correspondence for a conformal linear quiver of n SU(N) gauge groups.
3.2. An M-Theoretic Derivation of a 5d AGT Correspondence With Matter
Let us now proceed to derive a 5d analog of the 4d AGT correspondence with matter.
For brevity, and to make contact with relevant results in the mathematical literature, we
shall restrict ourselves to an SU(N) theory with Nf = 2N fundamental matter, i.e., n = 1
in the last subsection.
A 5d AGT Correspondence for U(1) with Nf = 2 Fundamental Matter
It would be useful to first consider the N = 1 case, i.e., the U(1) theory with Nf = 2
fundamental matter. To this end, first notice that we can also write (2.32) as the three-point
correlation function on S2:
Zinst(Λ
′, ~,~a) = 〈V0(∞)VΓ(1)V0(0)〉S2 , (3.13)
where the vertex operators V0(∞) and V0(0) represent the vacuum states 〈0| and |0〉, respec-
tively, while the operator
VΓ(1) = exp
(
Λ′
~
J1
)
exp
(
Λ′
~
J−1
)
. (3.14)
Here, Λ′ is the energy scale, and J±1 are operators that obey the Heisenberg algebra (2.27).
As a pure U(1) theory can also be interpreted as the m → ∞, e2piiτ → 0 limit of a U(1)
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theory with an adjoint hypermultiplet matter of mass m and complexified gauge coupling
τ , the analysis in [7, §6.3] would mean that we can regard the V ’s here as primary vertex
operators.5
Similarly, (2.34) can also be expressed as the three-point correlation function on S2:
Z5dinst(Λ
′, ~, β,~a) = 〈V0(∞) V˜Γ(1)V0(0)〉S2 , (3.15)
where the vertex operator
V˜Γ(1) = exp
( ∞∑
n=1
1
n
(βΛ′)n
1− q−n Jn
)
exp
(
−
∞∑
n=1
1
n
(βΛ′)n
1− qn J−n
)
, (3.16)
q = eβ~, β is the radius of the 5th dimension circle, and J±m are operators that obey the
Heisenberg algebra (2.36). The last paragraph then means that we can regard V˜Γ as a 5d
analog of the 4d primary vertex operator VΓ. In particular, all 5d analogs of 4d primary
vertex operators ought to take a form similar to V˜Γ in (3.16), where one recalls that βΛ
′ is
a rescaling-invariant combination of parameters.
Second, note that for general values of 1,2, according to our discussion in §2.1 leading
up to (2.6), and the fact that the smallest connected subgroup of U(1) is itself, the relevant
2d CFT along Ceff = S2 is (the chiral half of) a G/G WZW model, where G = U(1). As
explained in §2.2, any state in the 5d case has a projection onto a circle Cβ of radius β in Ceff .
Notably, an arbitrary state |λ〉 in the 5d case ought to be represented by a corresponding
gauge-invariant loop operator in the G/G WZW model. Now cut out two circles Cβ at the
poles of Ceff and wrap a Wilson loop TrRν exp
∮
Cβ
A in some representation Rν around them;
this should correspond to the inner product 〈λ|λ〉. As the G/G WZW model is topological,
one can also put the theory on the annulus, where the monodromies of the restrictions of the
G-connection A coincide on the two circle boundaries. The inner product 〈λ|λ〉 can then be
computed as the path integral over this annulus integrated over the space of all boundary
monodromies weighted by TrRν exp
∮
Cβ
A. In turn, according to [25, §2.4], 〈λ|λ〉 would be
5This can be understood as follows. Firstly, note that the case of a U(1) theory with an adjoint hyper-
multiplet matter corresponds to [7, fig. 8] with N = n = 1. In the limit e2piiτ = e
− 8pi2
g2
+iθ → 0, i.e., when
1
g2 →∞, the I-brane Ceff in loc. cit. – after an allowed conformal transformation to bring the two infinitely-
long tubes (of length 1g2 ) back to the origin whilst replacing the resulting holes with vertex operators – would
be an S2 with vertex operators inserted at z = 0, 1 and ∞. Then, as explained in loc. cit., the original
vertex operator at z = 1 is primary, and since the vertex operators at z = 0,∞ are supposed to represent
far away states whose excitations have decayed to zero, they must also be primary.
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expressed in terms of Macdonald polynomials; in other words, there is a correspondence
between |λ〉 and Macdonald polynomials.6 Consequently, according to [13, §2.3], this means
that we can express
|λ〉 = a−λ1a−λ2 . . . |∅〉, aλi>0|∅〉 = 0, (3.17)
where the λi’s define a partition λ = (λ1, λ2, · · · ) associated with the corresponding Mac-
donald polynomial, |∅〉 is the vacuum state, while the ai’s are operators obeying a deformed
Heisenberg algebra:
[am, an] = m
1− q˜|m|
1− t˜|m| δm+n,0, (3.18)
with q˜ and t˜ being independent parameters.
Third, from (3.1), [26, Theorem 1], and (3.4), we find that in the N = 1 case at hand,
the 4d Nekrasov instanton partition function (3.6) would (up to some constant factor) be
given by
Z lininst, U(1)(q1, 1, 2, ~m) = 〈0|Vm˜1(1)Vm˜2(q1)|0〉S2 . (3.19)
Here, q1 = e
2piiτ , where τ is the complexified gauge coupling; ~m = (m1,m2) are the Nf = 2
fundamental matter masses; m˜1,2 are independent linear combinations of m1,2; the vacuum
states |0〉 and 〈0| are represented by the V Q primary vertex operators inserted at z = 0 and
∞, respectively; and the primary vertex operators
Vm˜k(z) = exp
[
− im˜k√
12
ϕ+(z)
]
exp
[
−im˜k − (1 + 2)√
12
ϕ−(z)
]
, (3.20)
where ϕ(z) is a free-boson field with OPE ϕ(z)ϕ(0) ∼ −ln z, and ϕ(z) = ϕ+(z) + ϕ−(z) is
its decomposition into positive and negative modes, i.e.,
ϕ−(z) = −
∑
n>0
b−n
n
zn and ϕ+(z) =
∑
n>0
bn
n
z−n, (3.21)
with
[bm, bn] = f(1, 2)mδm+n,0 where f1=−2 → 1.7 (3.22)
6In loc. cit., the relevant theory actually has action S = SG/G+
∫
Tr (. . . ), where SG/G is the action of the
G/G WZW model. Nevertheless, in the computation of the corresponding path integral (which gives rise to
Macdonald polynomials), the contributions coming from the additional term
∫
Tr (. . . ) just serve to correct
〈λ|λ〉; since a Macdonald polynomial can always be written as a sum of other Macdonald polynomials, 〈λ|λ〉
would also be expressed in terms of Macdonald polynomials, as claimed.
7Recall that when 3 = 1 + 2 = 0, there is no Omega-deformation on the RHS of (2.1) whence the
aforestated affine algebra along C reverts to the undeformed Heisenberg algebra u(1)aff,1. Hence, we neces-
sarily have f1=−2 → 1.
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In particular, in the limit β → 0, the 5d analog of Vm˜k should reduce to (3.20) with the
accompanying relations (3.21) and (3.22).
In sum, the above three points mean that we can express the 5d Nekrasov instanton
partition function for U(1) with Nf = 2 fundamental matter as
Z lin, 5dinst, U(1)(q1, 1, 2, β, ~m) = 〈∅|Φwv (z1)Φvu(z2)|∅〉S2 (3.23)
where the vacuum states |∅〉 and 〈∅| represent the 5d analogs of the 4d primary vertex
operators V Q inserted at z = 0 and ∞, respectively,
Φcd(z) = exp
(∑
n>0
1
n
c−n − d−n
1− q−n an z
−n
)
exp
(
−
∑
n>0
1
n
cn − (t/q)ndn
1− qn a−n z
n
)
(3.24)
and the rescaling-invariant parameters
w = e−βm1 , v = e−2β(m1+m2), u = e−βm2 , q = e−iβ
√
12 , t = e−iβ(1+2+
√
12) (3.25)
while
[am, an] = m
1− q|m|
1− t|m| δm+n,0, am>0|∅〉 = 0 (3.26)
Clearly, in arriving at the boxed relations (3.23), (3.24), (3.25) and (3.26), we have just
derived a 5d AGT correspondence for U(1) with Nf = 2 fundamental matter!
The Ding-Iohara Algebra
In fact, (3.23) and (3.24) (bearing in mind (3.26)) coincide with [13, eqns. (2.7) and
(2.6)]. As such, Φcd(z) must be a vertex operator for a level one representation of the Ding-
Iohara algebra [12]; in other words, Z lin, 5dinst, U(1) is actually expressed in terms of a level one
module over the Ding-Iohara algebra. This important observation will soon allow us to
connect the N > 1 case with a q-deformed affine WN -algebra.
A 5d AGT Correspondence for SU(N) with Nf = 2N Fundamental Matter
Let us now proceed to consider an SU(N) theory with Nf = 2N fundamental matter.
Recall from fig. 3 that for general N , we effectively have N D6-branes and 1 D4-brane
wrapping Ceff = S2 – that is, we effectively have an N ×1 = N -fold cover of Ceff . This means
that we ought to make the following replacements in (3.23) to get the corresponding result
for the SU(N) case.
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Firstly, the vacuum states 〈∅| and |∅〉 ought to be replaced by their N -tensor product:
〈0| = 〈∅|⊗N and |0〉 = |∅〉⊗N (3.27)
Secondly, the vertex operators Φwv and Φ
v
u ought to likewise be replaced by their N -
tensor product
Φwv (z1) = Φ
wN
vN
· · ·Φw1v1 (z1) and Φvu(z2) = Φv1u1 · · ·ΦvNuN (z2) (3.28)
where c = (c1, c2, . . . , cN).
In sum, we can express the 5d Nekrasov instanton partition function for SU(N) with
Nf = 2N fundamental matter as
Z lin, 5dinst, SU(N)(q1, 1, 2, β,~a, ~m) = 〈0|Φwv (z1)Φvu(z2)|0〉S2 (3.29)
and if the vertex operator Φcd defines a map Fd → Fc from one Fock space associated with
parameter d to another associated with parameter c, then
Φcd : Fd1 ⊗Fd2 ⊗ · · · ⊗ FdN −→ Fc1 ⊗Fc2 ⊗ · · · ⊗ FcN . (3.30)
Note that in the U(1) case, the dependence of Φcd on the Coulomb modulus actually
drops out where it is replaced by a linear combination of the masses m1,2 which appears
in the parameter v in (3.25). In other words, in the SU(N) case, v = (v1, . . . , vN) would
be associated with the Coulomb moduli ~a = (a1, . . . , aN) (where
∑
i ai = 0), while w =
(w1, . . . , wN) and u = (u1, . . . , uN) would continue to be associated with the 2N masses
~m = (m1,m2, . . . ,m2N). As the parameters w,v,u must reduce to w, v, u in (3.25) when
N = 1, we conclude that
wi = e
−βmi , vi = e−βai , ui = e−βmN+i (3.31)
As mentioned, Φcd is a vertex operator of a level one representation of the Ding-Iohara
algebra – that is, Fc,d is a level one module over the Ding-Iohara algebra. As such, (3.30)
means that Φcd is a vertex operator of a level N representation of the Ding-Iohara algebra [13].
In turn, this means that
Φcd : ŴqN → ŴqN (3.32)
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where ŴqN is a Verma module over WqN , a q-deformed affine WN -algebra [27].8
Clearly, in arriving at the boxed relations (3.27), (3.28), (3.29), (3.31) and (3.32), we
have just derived a 5d AGT correspondence for SU(N) with Nf = 2N fundamental matter!
This serves as a purely physical M-theoretic proof of [13, Conjecture 3.13], and also lends
further weight to the interesting analysis in [28] (which is based on the assumption that the
correspondence holds).
3.3. An M-Theoretic Derivation of a 5d Pure AGT Correspondence
Let us now proceed to derive a 5d analog of the 4d pure AGT correspondence. Again,
it would be useful to start with the U(1) case.
A 5d AGT Correspondence for Pure U(1)
As mentioned in the previous subsection, since a pure U(1) theory can also be inter-
preted as the m → ∞, e2piiτ ′ → 0 limit of a U(1) theory with an adjoint hypermultiplet
matter of mass m and complexified gauge coupling τ ′, where me2piiτ
′
= Λ remains fixed, the
analysis in [7, §6.3] and footnote 5 would mean that the 5d Nekrasov instanton partition
function for pure U(1) can be expressed as
Zpure, 5dinst, U(1)(1, 2, β,Λ) = 〈∅|Φm→∞(1)|∅〉S2 , (3.33)
where Φm→∞(1) is the 5d analog of the 4d primary vertex operator Vm(1) in (3.20) in the
m→∞ limit. In other words, according to our derivation of (3.24)–(3.26) from (3.20) etc.,
we find that
Φm→∞(1) = exp
(∑
n>0
1
n
c−n − d−n
1− q−n an
)
exp
(
−
∑
n>0
1
n
cn − (t/q)ndn
1− qn a−n
)
, (3.34)
so we can write
Zpure, 5dinst, U(1)(1, 2, β,Λ) = 〈GU(1)|GU(1)|GU(1)〉, (3.35)
where
GU(1) = exp
(∑
n>0
1
n
dn(tn − qn)
qn(1− qn) a−n
)
, (3.36)
8In loc. cit., it was actually shown that the aforementioned level N representation of the Ding-Iohara
algebra is realized by a representation of WqN ⊗ u(1)aff . However, as explained in [7, §5.2], because the U(1)
gauge field on the D4-brane in (2.5) – unlike the SU(N) gauge field on the D6-branes which it intersects
– is dynamical, one has to reduce away in the I-brane system the U(1) WZW model associated with the
D4-brane. This is equivalent to reducing away the u(1)aff factor, whence (3.32) is indeed consistent.
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|GU(1)〉 = exp
(
−
∑
n>0
1
n
cn − dn
1− qn a−n
)
|∅〉, 〈GU(1)| = 〈∅|exp
(∑
n>0
1
n
c−n − d−n
1− q−n an
)
, (3.37)
and the rescaling-invariant parameters c = e−β(m→∞), d = e−2β(m→∞), q = e−iβ
√
12 , t =
e−iβ(1+2+
√
12), while [ap, an] = p
1−q|p|
1−t|p| δp+n,0.
Nonetheless, d→ 0 so GU(1) → 1 whence we can write (3.35) as
Zpure, 5dinst, U(1)(1, 2, β,Λ) = 〈GU(1)|GU(1)〉 (3.38)
Also, note that (i) for n > 0, we have (c−n−cn) = (d−n−dn)→∞, i.e., (c−n−d−n) = (cn−dn);
(ii) since c and d are rescaling-invariant, so must (cn − dn); (iii) for (cn − dn) to be well-
defined as m→∞, it would mean that m in (cn − dn) ought to be replaced by a physically
equivalent parameter such that (cn− dn) continues to be well-defined in this limit (although
its dependence on β and independence of 1,2 should remain) – such a parameter is the energy
scale Λ, which is fixed as m→∞; (iv) (2.15) and (2.17) mean that the nth power of Λ ought
to accompany the state of energy level n in |GU(1)〉. Altogether, this means that we can also
write (3.37) as
|GU(1)〉 = exp
(
−
∑
n>0
1
n
(βΛ)n
1− qn a−n
)
|∅〉, 〈GU(1)| = 〈∅|exp
(∑
n>0
1
n
(βΛ)n
1− q−n an
)
(3.39)
where
[ap, an] = p
1− q|p|
1− t|p| δp+n,0, ap>0|∅〉 = 0 (3.40)
and
q = e−iβ
√
12 , t = e−iβ(1+2+
√
12) (3.41)
Clearly, in arriving at the boxed relations (3.38), (3.39), (3.40) and (3.41), we have just
derived a 5d AGT correspondence for pure U(1)!
Moreover, notice that |GU(1)〉 takes the same form as [13, eqn. (5.1)] (where (α, β) in
loc. cit. correspond to (βΛ, 0)). In other words, |GU(1)〉 is a coherent state in a level one
module over a Ding-Iohara algebra. Thus, we have a U(1) version of the SU(2) result in [14].
Rederiving the 5d AGT Correspondence for Pure U(1) in the Topological String Limit
In the topological string limit of 1 = −2 = ~, we have from (3.41), the relation q = t.
As such, we can write the 5d Nekrasov instanton partition function for pure U(1) in this
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limit as
Zpure, 5d, ~inst, U(1) (~, β,Λ) = 〈G~U(1)|G~U(1)〉 (3.42)
where
〈G~U(1)| = 〈0| exp
(∑
n>0
1
n
(βΛ)n
1− q−n Jn
)
, |G~U(1)〉 = exp
(
−
∑
n>0
1
n
(βΛ)n
1− qn J−n
)
|0〉, q = eβ~
(3.43)
and9
[Jp,Jn] = p δp+n,0, Jp|0〉 = 0 for p ≥ 0 (3.44)
Clearly, in arriving at the boxed relations (3.42), (3.43) and (3.44), we have just rederived
a 5d AGT correspondence for pure U(1) in the topological string limit. The above three
relations coincide with (2.34)–(2.36), as expected.
Level One Representation of the Ding-Iohara Algebra and the Double Loop Algebra of U(1)
Just like |GU(1)〉, |G~U(1)〉 is a coherent state or Whittaker vector in a level one module
over a Ding-Iohara algebra with c, d → 0, albeit at q = t. Comparing (3.42) with (2.33),
we find a correspondence between |G~U(1)〉 and |cir′〉; in turn, (2.39) means that a Whittaker
vector in a level one module over a Ding-Iohara algebra with c, d → 0 and q = t, is also a
Whittaker vector in a module over a universal central extension of the double loop algebra of
U(1)!
A 5d AGT Correspondence for Pure SU(N)
Likewise, the pure SU(N) case with Coulomb moduli ~a = (a1, . . . , aN) can also be
obtained by making the replacements (3.27)–(3.28) in (3.33):
Zpure, 5dinst, SU(N)(1, 2,~a, β,Λ) = 〈0|Φ⊗Nm→∞(1)|0〉S2 . (3.45)
Recall from the previous subsection that Φm→∞ is also a vertex operator of a level one
representation of the Ding-Iohara algebra, so Φ⊗Nm→∞ is a vertex operator of a level N repre-
sentation of the Ding-Iohara algebra, or rather
Φ⊗Nm→∞ : ŴqN → ŴqN . (3.46)
9In the following, we have J0|0〉 = 0 because the Heisenberg algebra is realized by a single complex chiral
fermion on the I-brane Ceff = S2.
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Explicitly,
Φ⊗Nm→∞(1) = e
∑
n1>0
(
c−n1−d−n1
1−q−n1
an1
n1
− cn1−(t/q)n1dn1
1−qn1
a−n1
n1
)
· · · e
∑
nN>0
(
c−nN−d−nN
1−q−nN
anN
nN
− cnN−(t/q)nN dnN
1−qnN
a−nN
nN
)
,
(3.47)
so we can write
Zpure, 5dinst, SU(N)(1, 2,~a, β,Λ) = 〈GSU(N)|GSU(N)|GSU(N)〉, (3.48)
where
GSU(N) = e
∑
n1>0
1
n1
dn1 (tn1−qn1 )
qn1 (1−qn1 ) a−n1 · · · e
∑
nN>0
1
nN
dnN (tnN−qnN )
qnN (1−qnN ) a−nN , (3.49)
|GSU(N)〉 = (e−
∑
n1>0
1
n1
cn1−dn1
1−qn1 a−n1 · · · e−
∑
nN>0
1
nN
cnN−dnN
1−qnN a−nN ) · (|∅〉1 ⊗ · · · ⊗ |∅〉N), (3.50)
〈GSU(N)| = (N〈∅| ⊗ · · · ⊗ 1〈∅|) · (e
∑
nN>0
1
nN
c−nN−d−nN
1−q−nN anN · · · e
∑
n1>0
1
n1
c−n1−d−n1
1−q−n1 an1 ). (3.51)
Here, the a−nk ’s and ank ’s act nontrivially only on |∅〉k and k〈∅|, respectively; the rescaling-
invariant parameters c = e−β(m→∞), d = e−2β(m→∞), q = e−iβ
√
12 , t = e−iβ(1+2+
√
12);
while amk>0|∅〉k = 0, k〈∅|amk<0 = 0, and [amk , ank ] = mk 1−q
|mk|
1−t|mk| δmk+nk,0.
Nonetheless, d→ 0 so G → 1 whence we can write (3.48) as
Zpure, 5dinst, SU(N)(1, 2,~a, β,Λ) = 〈GSU(N)|GSU(N)〉 (3.52)
Also, note that (i) for nk > 0, we have (c
−nk−cnk) = (d−nk−dnk)→∞, i.e., (c−nk−d−nk) =
(cnk − dnk); (ii) since c and d are rescaling-invariant, so must (cnk − dnk); (iii) for (cnk − dnk)
to be well-defined as m → ∞, it would mean that m in (cnk − dnk) ought to be replaced
by a physically equivalent parameter such that (cnk − dnk) continues to be well-defined in
this limit (although its dependence on β and independence of 1,2 should remain) – such
a parameter is the energy scale Λ, which is fixed as m → ∞; (iv) (2.15) and (2.17) mean
that the nthk power of Λ ought to accompany the state of energy level nk in |GSU(N)〉 that is
created from |∅〉k. Altogether, this means that we can also write (3.50) and (3.51) as
|GSU(N)〉 = (e−
∑
n1>0
1
n1
(βΛ)n1
1−qn1 a−n1 · · · e−
∑
nN>0
1
nN
(βΛ)nN
1−qnN a−nN ) · (|∅〉1 ⊗ · · · ⊗ |∅〉N) (3.53)
and
〈GSU(N)| = (N〈∅| ⊗ · · · ⊗ 1〈∅|) · (e
∑
nN>0
1
nN
(βΛ)nN
1−q−nN anN · · · e
∑
n1>0
1
n1
(βΛ)n1
1−q−n1 an1 ) (3.54)
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where
[amk , ank ] = mk
1− q|mk|
1− t|mk| δmk+nk,0, amk>0|∅〉k = 0 (3.55)
and
q = e−iβ
√
12 , t = e−iβ(1+2+
√
12) (3.56)
Clearly, in arriving at the boxed relations (3.52), (3.53), (3.54), (3.55) and (3.56), we have
just derived a 5d AGT correspondence for pure SU(N)!
Moreover, (3.46), and the fact that |GSU(N)〉 is a sum over states of all possible energy
levels (see (3.53)), mean that |GSU(N)〉 is a coherent state in a Verma module over WqN , a
q-deformed affine WN -algebra. Thus, we have an SU(N) generalization of the result for
SU(2) in [14]!
An Equivariant Index of the Dirac Operator on Instanton Moduli Space and a Whittaker
Function on a q-Deformed Affine WN -Algebra
Recall at this point from §2.1 that since the BPS spectrum HΩBPS in (2.3) arises from the
topological sector of a (non-dynamically) g-gauged supersymmetric sigma model on Σt = S
1×
It, it would coincide with the spectrum of the resulting (non-dynamically) g-gauged super-
symmetric quantum mechanical instanton as Σt → point.10 As such, Z ′BPS,m(1, 2,~a, β → 0)
in (2.12) can also be regarded as a partition function associated with a (non-dynamically) g-
gauged supersymmetric quantum mechanical instanton with target U(MSU(N),m). In turn,
this means that ZBPS in (2.4) which underlies Z
pure, 5d
inst, SU(N) in (3.52), can be regarded as a
partition function associated with a (non-dynamically) g-gauged supersymmetric quantum
mechanical instanton with target LU(MSU(N)), the loop space of U(MSU(N)). Consequently,
according to [29], Zpure, 5dinst, SU(N) ought to be given by Zinst in (2.11) but with the underlying
integrand multiplied by Âgβ(U(MSU(N))), the g-equivariant A-roof genus of U(MSU(N)) with
expansion parameter β. Hence, we can also write (3.52) as (c.f. [30])
∞∑
m=0
Λ2mN
∮
U(MSU(N),m)
Â
g(i,~a)
β (U(MSU(N),m)) = WGSU(N) (3.57)
where
∮
M Â
g
β(M) is the g-equivariant index of the Dirac operator on M, and WGSU(N) is a
Whittaker function on WqN .
Rederiving the 5d AGT Correspondence for Pure SU(N) in the Topological String Limit
10Here, g ∈ U(1)× U(1)× T , where T ⊂ SU(N) is a Cartan subgroup.
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In the topological string limit of 1 = −2 = ~, Omega-deformation on the RHS of
(2.1) effectively vanishes. As explained in §2.2, the partially gauged chiral CFT behind (2.6)
would be ungauged, whence the N complex chiral fermions on the I-brane would (i) realize
a level one affine algebra su(N)aff,1; (ii) generate, via their convenient packing into a single
complex chiral fermion Ψ and its bosonization, a Heisenberg algebra.
From (3.56), we find that if 1 = −2 = ~, then q = t. In turn, (3.55) becomes
[amk , ank ] = mkδmk+nk,0, which is also a Heisenberg algebra. Therefore, point (ii) above
would mean that we can regard the N -tensor product of vacuum states |∅〉1 ⊗ · · · ⊗ |∅〉N as
a single vacuum state |p〉, whence there is no longer a distinction between the individual
vacuum states |∅〉k and the corresponding operators ank that act nontrivially on them. As
such, we can write (3.49)–(3.51) in this topological string limit as
G ~SU(N) = e
∑
n>0
N
n
dn(tn−qn)
qn(1−qn) a−n , |G~SU(N)〉 = e−
∑
n>0
1
n
N(cn−dn)
1−qn a−n |p〉, 〈G~SU(N)| = 〈p| e
∑
n>0
1
n
N(c−n−d−n)
1−q−n an .
(3.58)
Here, an>0|p〉 = 0, 〈p|an<0 = 0, and [am, an] = mδm+n,0.
As before, d → 0 so G → 1. Also, note that (i) for n > 0, we have N(c−n − cn) =
N(d−n−dn)→∞, i.e., N(c−n−d−n) = N(cn−dn); (ii) since c and d are rescaling-invariant,
so must N(cn−dn); (iii) for N(cn−dn) to be well-defined as m→∞, it would mean that m
in N(cn−dn) ought to be replaced by a physically equivalent parameter such that N(cn−dn)
continues to be well-defined in this limit (although its dependence on N, β and independence
of 1,2 should remain) – such a parameter is the energy scale Λ, which is fixed as m → ∞;
(iv) (2.15) and (2.17) mean that the nth power of ΛN ought to accompany the state of energy
level n in |G~SU(N)〉. Altogether, this means that we can also write (3.48) in this topological
string limit as
Zpure, 5d, ~inst, SU(N)(~,~a, β,Λ
′) = 〈G~SU(N)|G~SU(N)〉 (3.59)
where
〈G~SU(N)| = 〈p| exp
(∑
n>0
1
n
(βΛ′)n
1− q−n Jn
)
, |G~SU(N)〉 = exp
(
−
∑
n>0
1
n
(βΛ′)n
1− qn J−n
)
|p〉, q = eβ~
(3.60)
Λ′ = ΛN , and11
[Jm,Jn] = mδm+n,0, J0|p〉 = p ∼
√
~a2/~2, Jm|p〉 = 0 for m > 0 (3.61)
11In the following, we have J0|p〉 = p, where p ∼
√
~a2/~2 is the energy level of |p〉, because the Heisenberg
algebra is realized by N complex chiral fermions on the I-brane Ceff = S2.
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Clearly, in arriving at the boxed relations (3.59), (3.60) and (3.61), we have just rederived
a 5d AGT correspondence for pure SU(N) in the topological string limit. The above three
relations coincide with (2.34)–(2.36), as expected.
Level N Representation of the Ding-Iohara Algebra and the Double Loop Algebra of SU(N)
Just like |GSU(N)〉, |G~SU(N)〉 is a coherent state or Whittaker vector in a level N module
over a Ding-Iohara algebra with c, d→ 0, albeit at q = t. Comparing (3.59) with (2.33), we
find a correspondence between |G~SU(N)〉 and |cir′〉; in turn, (2.39) means that a Whittaker
vector in a level N module over a Ding-Iohara algebra with c, d → 0 and q = t, is also a
Whittaker vector in a module over a universal central extension of the double loop algebra of
SU(N)!
4. A 5d “Fully-Ramified” AGT Correspondence and Relativistic Integrable Sys-
tems
4.1. An M-Theoretic Derivation of a 4d “Fully-Ramified” Pure AGT Correspondence: A
Review
Let us now review the M-theoretic derivation of a 4d “fully-ramified” AGT correspon-
dence for pure SU(N) in [7].
To this end, note that the “fully-ramified” version of the AGT correspondence for pure
SU(N) can be obtained by considering the following duality setup which is a slight variant
of (2.1):
R4|1,2 × Σt︸ ︷︷ ︸
N M5-branes + 4d full defect
×R5|3;x6,7 ⇐⇒ R5|3;x4,5 × C × TNR→0N |3;x6,7︸ ︷︷ ︸
1 M5-branes + 4d full defect
. (4.1)
Here, the worldvolume 4d full defects are effected by an appropriate orbifold background
(see [7, §2.3]); we have a common half-BPS boundary condition at the tips of It ⊂ Σt = S1×It;
the radius of S1 is β; It  β; C is a priori the same as Σt; the 4d worldvolume full defect on
the LHS of (4.1) wraps Σt and the z-plane in R4|1,2 ' Cz|1×Cw|2 ; the dual 4d worldvolume
full defect on the RHS of (4.1) wraps C and the x8-x9 directions in TNR→0N |3;x6,7 , where the
x9-direction is spanned by the S
1-fiber of TNR→0N |3;x6,7 , while the x6-x7-x8-directions are
spanned by its R3|3;x6,7 base; and the i’s are parameters of the Omega-deformation along
the indicated planes described in (2.2).
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The Spectrum of Spacetime BPS States on the LHS of (4.1)
Let us now determine the spectrum of spacetime BPS states on the LHS of (4.1) that
defines a “fully-ramified” generalization of the partition function in (2.4). As explained in
detail in [7, §6.1], we can express the Hilbert space HΩBPS of spacetime BPS states on the
LHS of (4.1) as
HΩBPS =
⊕
a′
HΩBPS,a′ =
⊕
a′
IH∗U(1)2×T U(MSU(N),T,a′), (4.2)
where IH∗U(1)2×T U(MSU(N),T,a′) is the U(1)2 × T -equivariant intersection cohomology of the
Uhlenbeck compactification U(MSU(N),T,a′) of the (singular) moduli space MSU(N),T,a′ of
“fully-ramified” SU(N)-instantons on R4 with “fully-ramified” instanton number a′. Here,
the positive number a′ = a + Trαm, where a is the ordinary instanton number; Tr is a
quadratic form on su(N); α ∈ t is the holonomy parameter that is the commutant of the
Cartan subgroup T ⊂ SU(N); t is the Lie algebra of T ; m ∈ Λcochar is the “magnetic charge”;
and Λcochar is the cocharacter lattice of SU(N).
The Spectrum of Spacetime BPS States on the RHS of (4.1)
Let us next ascertain the corresponding spectrum of spacetime BPS states on the RHS
of (4.1). According to [7, §6.1], the spacetime BPS states would be furnished by the “fully-
ramified” I-brane theory in the following type IIA configuration:
IIA : R5|3;x4,5 × C × R3|3;x6,7︸ ︷︷ ︸
I-brane on C = ND6 ∩ 1D4 ∩ 3d full defect
. (4.3)
Here, we have a stack of N coincident D6-branes whose worldvolume is given by R5|3;x4,5×C;
a single D4-brane whose worldvolume is given by C × R3|3;x6,7 ; and a 3d worldvolume full
defect which wraps C and the x8-direction in R3|3;x6,7 = R× R2|3 .
As explained in detail in [7, §6.1], from (4.3), we find that in place of (2.7), the Hilbert
space HΩ′BPS of space-time BPS states on the RHS of (4.1) would be given by
HΩ′BPS = ŝu(N)aff,k, (4.4)
where ŝu(N)aff,k is an integrable module over the affine Lie algebra su(N)aff,k of level k.
A “ Fully-Ramified” AGT Correspondence for Pure SU(N)
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Clearly, the physical duality of the compactifications in (4.1) will mean that HΩBPS in
(4.2) is equivalent to HΩ′BPS in (4.4), i.e.,
⊕
a′
IH∗U(1)2×T U(MSU(N),T,a′) = ŝu(N)aff,k, (4.5)
where the level k and central charge c of ŝu(N)aff,k are given by
k = −N − 2
1
, c =
1
2
(N3 −N) +N2 − 1. (4.6)
Consequently, in place of (2.18), we have
Zinst(Λ, 1, 2,~a, T ) = 〈cohT |cohT 〉, (4.7)
where
|cohT 〉 =
⊕
a′
Ga′|Ψa′,T 〉. (4.8)
Here, ~a is the Coulomb moduli of the underlying pure SU(N) theory along R4|1,2 on the
LHS of (4.1); |cohT 〉 ∈ ŝu(N)aff,k; Ga
′
is some real constant depending on the energy scale
Λ; and |Ψa′,T 〉 ∈ IH∗U(1)2×TU(MSU(N),T,a′) is also a state in ŝu(N)aff,k with energy level na′
determined by the “fully-ramified” instanton number a′.
Like |coh〉 and 〈coh|, |cohT 〉 and 〈cohT | ought to be a state and its dual associated with
the puncture at z = 0 and z = ∞ in C = S2, respectively. Furthermore, as the RHS of
(4.8) is a sum over states of all possible energy levels, it must mean that |cohT 〉 is actually
a coherent state.
In arriving at the relations (4.5), (4.6), (4.7) and (4.8), we have just derived a “fully-
ramified” AGT correspondence for pure SU(N).
4.2. A 5d “Fully-Ramified” Pure AGT Correspondence and a Relativistic Periodic Toda
Integrable System
The “Fully-Ramified” 4d Pure Nekrasov Instanton Partition Function in the NS Limit and
a Quantum Affine Toda System
Let us consider the NS limit 2 = 0 in our derivation of the 4d “fully-ramified” AGT
correspondence for pure SU(N) in the last subsection. From (4.6), we find that in place of
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(4.7), the “fully-ramified” 4d pure Nekrasov instanton partition function is now
Zinst(Λ, 1, 0,~a, T ) = 〈cohcritT |cohcritT 〉, (4.9)
where ~a is the Coulomb moduli of the underlying pure SU(N) theory along R4|1,2=0 on
the LHS of (4.1); T ⊂ SU(N) is the maximal torus that SU(N) reduces to along R2|1 ⊂
R4|1,2=0; the coherent state |cohcritT 〉 ∈ ŝu(N)aff,crit; and ŝu(N)aff,crit is an integrable module
over the affine Lie algebra su(N)aff,crit at the critical level k = −N .
Via the dimension-one currents Jai that generate su(N)aff,crit on C = S2, one can define
the Segal-Sugawara operators
S(si)(z) = (k + h∨)T (si)(z), si = i+ 1, i = 1, 2, . . . , N − 1, (4.10)
where h∨ is the dual Coxeter number of su(N), the spin-si operators T (si) are just higher
spin generalizations of the holomorphic stress tensor T (2), and
S(si)(z) =: da1a2a3...asi (k)(Ja1Ja2 . . . Jasi )(z) :, (4.11)
where da1a2a3...asi (k) is a completely symmetric traceless su(N)-invariant tensor of rank si
(which depends on the level k); in other words, the N − 1 number of S(si)’s are Casimir
operators.
From (4.10), one can see that the S(si)’s generate in their OPE’s with all other operators
of the quantum CFT on C, (k+ h∨) times the field transformations generated by the T (si)’s.
Therefore, at the critical level k = −N = −h∨, the S(si)’s generate no field transformations
at all: their OPE’s amongst themselves, and with all other field operators, are regular,
and they are said to span the central elements of (the universal enveloping algebra of) the
affine SU(N)-algebra at the critical level. Hence, on any correlation function of operators,
the S(si)’s effectively act as c-numbers. In particular, this means that the RHS of (4.9)
– which can be interpreted as a two-point correlation function of coherent state operators
– is a simultaneous eigenfunction of the commuting S(si)’s. As the S(si)’s generically act
as order-si differential operators in their action on a correlation function of primary state
operators (see for example [18, §15.7]), and since a coherent state can be obtained by applying
creation operators on a primary state, i.e., a coherent state operator can be derived from a
primary state operator, our discussion hitherto would mean that Zinst(Λ, 1, 0,~a, T ) ought to
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be a simultaneous eigenfunction of N − 1 commuting differential operators D1, D2, . . . DN−1
derived from the Casimirs of an affine SU(N)-algebra.
Indeed, note that the coherent state |cohcritT 〉 is also known as a Whittaker vector in
representation theory whence its inner product on the RHS of (4.9) is a Whittaker func-
tion associated with su(N)aff,crit; in turn, according to [31, §2], this would mean that
Zinst(Λ, 1, 0,~a, T ) must be a simultaneous eigenfunction of N − 1 quantum Toda Hamil-
tonians D(1)Toda,D(2)Toda, . . . ,D(N−1)Toda that are associated with an affine SU(N)-algebra, i.e.,
D(l)Toda · Zinst(Λ, 1, 0,~a, T ) = E (l)Toda Zinst(Λ, 1, 0,~a, T ), (4.12)
where the D(l)Toda’s are commuting Casimir differential operators; the E (l)Toda’s are complex
eigenvalues; and l = 1, 2, . . . , N − 1. Furthermore, it has also been shown in [32] that the
spectral curve of the quantum affine Toda system defined by (4.12), is just ΣSW , the 4d
Seiberg-Witten curve.
Note that this is also consistent with [10, Corollary 3.7(2)], where ZaffG,B and  in loc. cit.
correspond respectively to Zinst(G, 1, 0,~a, T ) and 2 here.
The 5d Seiberg-Witten Curve
Now recall that the I-brane consisting of N D6-branes and a single D4-brane wrapping
C can be regarded as an N -fold cover of C which, in the 4d case, can be interpreted as ΣSW
(see explanations leading up to (2.19)). What is its corresponding interpretation in the 5d
case?
Similar to §2.2, we have on C, a (chiral) SU(N) WZW model (which underlies su(N)aff,crit).
As such, according to our explanations in the paragraph leading up to (2.39), one can equiv-
alently study the 4d theory with gauge group LSU(N) instead of SU(N). This amounts
to replacing [33] the 4d Higgs field φ with a first-order differential operator on a circle:
φ→ ∂t+At+ iϕ, where At and ϕ are an SU(N) gauge field and a real scalar along the circle
with coordinate t (in the adjoint representation of SU(N)). Correspondingly, we ought to
also make this replacement in ΣSW of (2.19), where At and ϕ are here an SU(N) gauge field
and a real scalar along a circle Cβ in C of radius β (in the adjoint representation of SU(N))
that originate from the SU(N) gauge theory on the N D6-branes in (4.3).
Note at this point that we can also parameterize ΣSW as
ΣSW : y
2 = P (x)2 − Λ2N , (4.13)
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where x, y ∈ C, and P (x) = det(φ − x). Thus, in the 5d case, the curve ought to be given
by
Σ5dSW : y
2 = det(∂t + At + iϕ− x)2 − Λ2N . (4.14)
The determinant det(∂t + At + iϕ− x) can be computed via zeta-regularization as
det(∂t + At + iϕ− x) =
∏
i
1
β
sinh(2piβai − x), (4.15)
where the ai’s are the eigenvalues of ∂t + At + iϕ when β → 0. Substituting this in (4.14),
we get, after an appropriate change of variables,
Σ5dSW : z +
Λ2N
z
=
∏
i
1
β
sinh(2piβai − x) (4.16)
Using the fact that
∑
i ai = 0, one can, after another change of variables, show that Σ
5d
SW is
the spectral curve of a relativistic periodic Toda integrable system [33].
The “Fully-Ramified” 5d Pure Nekrasov Instanton Partition Function in the NS Limit and
a Relativistic Periodic Toda Integrable System
Hence, the 5d interpretation of ΣSW is a spectral curve Σ
5d
SW of a relativistic peri-
odic Toda integrable system or equivalently, a q-deformed quantum affine Toda system [31,
§6]. In the limit q → 1, a q-deformed quantum affine Toda system would reduce to
the earlier-mentioned quantum affine Toda system [31, §6]. In the limit q → 1, it has
also been rigorously established in [34] that the N − 1 commuting difference operators
D(1)q−Toda,D(2)q−Toda, . . . ,D(N−1)q−Toda which define a q-deformed quantum affine Toda system, would
reduce to the N − 1 commuting differential operators D(1)Toda,D(2)Toda, . . . ,D(N−1)Toda which define
the earlier-mentioned quantum affine Toda system. If we conveniently identify q = eβ, where
β is the radius of the fifth dimension circle, then in the limit q → 1, we also have Σ5dSW → ΣSW
and Zpure, 5dinst, SU(N)(Λ, 1, 0,~a, T, β)→ Zinst(Λ, 1, 0,~a, T ), where Zpure, 5dinst, SU(N)(Λ, 1, 0,~a, T, β) is the
“fully-ramified” 5d pure Nekrasov instanton partition function in the 2 = 0 6= 1 NS limit.
These statements hold vice-versa, so this correspondence can be summarized in the diagram
below.
{Zinst; ΣSW ; D(l)Toda} {Zpure, 5dinst ; Σ5dSW ; D(l)q−Toda}
q 9 1
q → 1
37
From the diagram, it is clear that the 5d version of (4.12) must be
D(l)q−Toda · Zpure, 5dinst, SU(N)(Λ, 1, 0,~a, T, β) = E (l)q−Toda Zpure, 5dinst, SU(N)(Λ, 1, 0,~a, T, β) (4.17)
where the E (l)q−Toda’s are complex eigenvalues, and l = 1, 2, . . . , N − 1. In other words,
Zpure, 5dinst, SU(N)(Λ, 1, 0,~a, T, β) must be a simultaneous eigenfunction of the N − 1 commuting
difference operators D(1)q−Toda,D(2)q−Toda, . . . ,D(N−1)q−Toda which define a relativistic periodic Toda
integrable system.
A 5d “Fully-Ramified” AGT Correspondence for Pure SU(N) in the NS Limit
Note that the D(l)q−Toda’s correspond to the central elements of a quantum affine SU(N)-
algebra at the critical level, while the D(1)Toda’s correspond to the central elements of (the
universal enveloping algebra of) an affine SU(N)-algebra at the critical level. Thus, from
(4.17), (4.12) and (4.9), one can conclude that
Zpure, 5dinst, SU(N)(Λ, 1, 0,~a, T, β) = 〈cohcritT,β|cohcritT,β〉 (4.18)
where
|cohcritT,β〉 ∈ Ûq(su(N)aff)crit, q = eβ (4.19)
and Ûq(su(N)aff)crit is the integrable module over Uq(su(N)aff)crit, a quantum affine SU(N)-
algebra at the critical level. Like |cohcritT 〉 and 〈cohcritT | in (4.9), |cohcritT,β〉 and 〈cohcritT,β| can
be regarded as a state and its dual associated with the puncture at z = 0 and z = ∞ in
C = S2, respectively. Furthermore, as |cohcritT,β〉 is a 5d analog of |cohcritT 〉, i.e., |cohcritT,β〉 contains
higher excited states beyond those present in the coherent state |cohcritT 〉 (see explanations
after (2.33)), it must mean that |cohcritT,β〉 is also a coherent state. This is consistent with
the mathematical result in [31, §4] that the simultaneous eigenfunction of the D(l)q−Toda’s is
necessarily a Whittaker function on Uq(su(N)aff)crit.
Clearly, in arriving at the boxed relations (4.18) and (4.19), we have just derived a 5d
“fully-ramified” AGT correspondence for pure SU(N) in the NS limit!
4.3. A 5d “Fully-Ramified” AGT Correspondence with Matter and a Relativistic Elliptic
Calogero-Moser System
The “Fully-Ramified” 4d Nekrasov Instanton Partition Function with Single Adjoint Matter
in the NS Limit and an Elliptic Calogero-Moser System
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Like the U(1) case mentioned in the sections before, a pure SU(N) theory can also
be interpreted as the m → ∞, q′ = e2piiτ ′ → 0 limit of an SU(N) theory with an adjoint
hypermultiplet matter of mass m and complexified gauge coupling τ ′, where mNe2piiτ
′
= ΛN
remains fixed. Moreover, note that in this limit, the Hamiltonian and spectral curve of the
elliptic Calogero-Moser system associated with the aforementioned theory with adjoint mat-
ter, reduce to the Hamiltonian and spectral curve of the quantum affine Toda system [35].12
The above two points mean that in the reverse limit, we have, in (4.12), the trans-
formation (i) Zinst(Λ, 1, 0,~a, T ) → Zadjinst(q′, 1, 0,~a,m, T ), where Zadjinst(q′, 1, 0,~a,m, T ) is the
“fully-ramified” 4d Nekrasov instanton partition function in the NS limit 2 = 0 of the SU(N)
theory on R4|1,2=0 with an adjoint hypermultiplet matter of mass m, ~a are its Coulomb mod-
uli, and T ⊂ SU(N) is the maximal torus that SU(N) reduces to along R2|1 ⊂ R4|1,2=0; (ii)
D(l)Toda → D(l)CM, where the D(l)CM’s are differential operators that correspond to the quantum
Hamiltonians of the elliptic Calogero-Moser system. In other words, we can write
D(l)CM · Zadjinst(q′, 1, 0,~a,m, T ) = E (l)CM Zadjinst(q′, 1, 0,~a,m, T ), (4.20)
where the E (l)CM’s are complex eigenvalues, and l = 1, 2, . . . , N − 1. In the case where N = 2,
the eigenvalue E (1)CM has been determined explicitly in [4, §4.3].
The “Fully-Ramified” 5d Nekrasov Instanton Partition Function with Single Adjoint Matter
in the NS Limit and a Relativistic Elliptic Calogero-Moser System
Likewise, in the above reverse limit, (i) Zpure, 5dinst, SU(N)(Λ, 1, 0,~a, T, β)→ Zadj, 5dinst, SU(N)(q′, 1, 0,
~a,m, T, β), where Zpure, 5dinst, SU(N)(Λ, 1, 0,~a, T, β) is the “fully-ramified” 5d pure Nekrasov instan-
ton partition function while Zadj, 5dinst, SU(N)(q
′, 1, 0,~a,m, T, β) is the “fully-ramified” 5d Nekrasov
instanton partition function with single adjoint matter of mass m, both in the NS limit;
(ii) D(l)q−Toda → D(l)q−CM [31, §7], where the D(l)q−Toda’s and D(l)q−CM’s are commuting differ-
ence operators which define a relativistic periodic Toda and elliptic Calogero-Moser system,
respectively. In the q = eβ → 1 limit, where β is the radius of the fifth dimension cir-
cle, (i) Zpure, 5dinst, SU(N)(Λ, 1, 0,~a, T, β)→ Zinst(Λ, 1, 0,~a, T ); (ii) Zadj, 5dinst, SU(N)(q′, 1, 0,~a,m, T, β)→
Zinst(q
′, 1, 0,~a,m, T ) = Z
adj
inst; (iii) {D(l)q−Toda,D(l)q−CM} → {D(l)Toda,D(l)CM}. These statements
hold vice-versa, so this correspondence can be summarized in the diagram below.
12See also [36].
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{Zpure, 5dinst ;D(l)q−Toda} {Zadj, 5dinst ;D(l)q−CM}
{Zinst;D(l)Toda} {Zadjinst;D(l)CM}
m9∞
m→∞
q → 1q 9 1
m9∞
m→∞
q → 1q 9 1
From the diagram, and (4.12), (4.17) and (4.20), it is clear that we ought to have
D(l)q−CM · Zadj, 5dinst, SU(N)(q′, 1, 0,~a,m, T, β) = E (l)q−CM Zadj, 5dinst, SU(N)(q′, 1, 0,~a,m, T, β) (4.21)
where the E (l)q−CM’s are complex eigenvalues, and l = 1, 2, . . . , N − 1. In other words,
Zadj, 5dinst, SU(N)(q
′, 1, 0,~a,m, T, β) must be a simultaneous eigenfunction of the N −1 commuting
difference operators D(1)q−CM,D(2)q−CM, . . . ,D(N−1)q−CM which define a relativistic elliptic Calogero-
Moser integrable system.
A 5d “Fully-Ramified” AGT Correspondence for SU(N) with Single Adjoint Matter in the
NS Limit
Now recall that we can obtain the result for the pure SU(N) case as a m → ∞ limit
of the SU(N) case with a single adjoint hypermultiplet matter of mass m – see (3.45). This
means that we can also write (4.18) as
Zpure, 5dinst, SU(N)(Λ, 1, 0,~a, T, β) = 〈0|Φqm→∞(1)|0〉S2 , (4.22)
where Φqm→∞ is a m→∞ limit of a vertex operator of Ûq(su(N)aff)crit, an integrable module
over a quantum affine SU(N)-algebra at the critical level. As usual, the states 〈0| and |0〉
correspond to lowest energy vertex operators V q(∞) and V q(0) of this module inserted at
z = ∞ and 0, respectively. In turn, the arguments in footnote 5 (which also apply to the
present “fully-ramified”, N > 1, 5d case) mean that we can write Zadj, 5dinst as the one-point
correlation function on T2:
Zadj, 5dinst, SU(N)(q
′, 1, 0,~a,m, T, β) = 〈Φqm(1) 〉T2 (4.23)
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where Φqm(z) is a vertex operator of Ûq(su(N)aff)crit (which depends on m), whence it defines
the following map
Φqm : Ûq(su(N)aff)crit → Ûq(su(N)aff)crit (4.24)
Clearly, in arriving at the boxed relations (2.34) and (2.35), we have just derived a 5d “fully-
ramified” AGT correspondence for SU(N) with a single adjoint matter in the NS limit!
Elliptic Macdonald Polynomials and Quantum Affine SU(N)-Algebra at the Critical Level
Note that the D(l)q−CM’s are known to be an elliptic generalization of the Macdonald
operators [37]. Thus, their simultaneous eigenfunctions, i.e., Zadj, 5dinst, SU(N), ought to be given by
an elliptic generalization of the Macdonald polynomials. In turn, (4.23) and (4.24) mean that
these elliptic Macdonald polynomials can be understood as one-point correlation functions of
a 2d QFT on T2 whose underlying symmetry is generated by Uq(su(N)aff)crit, a quantum
affine SU(N)-algebra at the critical level !
This observation is in fact consistent with various results in the mathematical literature
as follows. Firstly, note that (4.21) and (4.23) mean that the D(l)q−CM’s correspond to central
elements of Uq(su(N)aff)k (for some level k) – incidentally, this has also been pointed out
in [38] – whence according to [39], they are affine Macdonald operators whose simultaneous
eigenfunctions are the affine Macdonald polynomials constructed in [40]. In turn, these
affine Macdonald polynomials are given by traces of intertwiners of Uq(su(N)aff)k [40], i.e.,
they are given by one-point correlation functions of vertex operators of Ûq(su(N)aff)k on
T2. This coincides with our aforementioned observation, after one notes the terminological
correspondence between the elliptic and affine Macdonald operators and polynomials.
5. An M-Theoretic Derivation of a 6d AGT Correspondence
5.1. An M-Theoretic Derivation of a 6d AGT Correspondence with Matter
A 6d AGT Correspondence for U(1) with Nf = 2 Fundamental Matter
Let n = 1 = N in fig. 2(3), and glue together the two ends of the interval It ⊂ Σt =
S1× It, where β therein is the radius of S1. Now, Σt is a two-torus S1×S1t , and the planes at
the ends labeled by m1 and m4 would be coincident, intersecting Σt along a one-cycle in the
S1-direction. On the 2d side, Ceff also becomes a two-torus T2 after we correspondingly glue
together the punctures at z =∞ and z = 0, whence there are left two vertex operators V~j2
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and V~j3 . Let β 9 0, and let the radius of S
1
t be R6. Then, one can define a 6d generalization
Z lin, 6dinst of the 4d Nekrasov instanton partition function Z
lin
inst along the R4|1,2 × S1 × S1t
worldvolume of the M5-brane lying in the X9|i-directions, where from (3.6), we can write
Z lin, 6dinst, U(1)(q1, 1, 2, ~m, β,R6) = 〈 Φ˜wv (z1) Φ˜vu(z2) 〉T2 (5.1)
up to some constant factor, where the Nf = 2 fundamental matter masses are given by
~m = (m1,m2), and
w = e−βm1 , v = e−2β(m1+m2), u = e−βm2 (5.2)
From a straightforward 6d generalization of our explanations in §2.2 about how a 5d state
would have a projection onto a circle Cβ in Ceff which has radius β, we find that the vertex
operator Φ˜cd(z) – which is a 6d analog of those in (3.23) – ought to be associated with a 6d
state which has a projection onto two transverse circles Cβ and CR6 in T
2 of radius β and
R6, respectively, which intersect at the point z.
In the 5d case, the vertex operator was given in (3.24). What about the 6d case? What
explicit form should Φ˜cd(z) take? To answer this, first note that because Φ˜
c
d(z) is supposed
to be associated with a state that has a projection onto the transverse circles Cβ and CR6
which intersect, the commutation relation (3.26) – which is associated with the circle Cβ –
must be modified to depend on R6. Since this modified commutation relation should reduce
to (3.26) in the limit R6 → 0, a consistent modification would be
[a˜m, a˜n] = m(1− p|m|)1− q
|m|
1− t|m| δm+n,0, a˜m>0|∅˜〉 = 0 (5.3)
where
q = e−iβ
√
12 , t = e−iβ(1+2+
√
12), p = e
− 1
R6 (5.4)
In (5.3), we have an |m|th power of p because it is also a parameter associated with the
radius of a circle in T2, i.e., it is on equal footing with q and t.
Second, because the 6d state has a projection onto two transverse circles Cβ and CR6 ,
it would mean that we can write an arbitrary 6d state as
|Ψ〉 = b˜−µ1 b˜−µ2 . . . a˜−λ1 a˜−λ2 . . . |∅˜〉, (5.5)
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where the b˜k’s are operators associated with the circle CR6 , which a priori obey the same
commutation relation as the a˜k’s, i.e.,
[b˜m, b˜n] = m(1− p|m|)1− q
|m|
1− t|m| δm+n,0, b˜m>0|∅˜〉 = 0, (5.6)
and
[a˜m, b˜n] = 0 (5.7)
Here, the λi’s and µi’s define the partitions λ = (λ1, λ2, . . . ) and µ = (µ1, µ2, . . . ).
Notice that when β → ∞, there will not be any Omega-deformation in the directions
transverse to Cβ – recall that Omega-deformation is effected as one traverses Cβ completely,
but this cannot happen if its radius is infinitely large. What this means is that the commu-
tation relation (5.6) – which is associated with the circle CR6 that is transverse to Cβ – ought
to be independent of the i-dependent parameters q and t when β → ∞. When β → ∞,
q, t → ∞ (see (5.4) and footnote 1); in other words, the factor of 1− q|m|/1− t|m| in (5.6)
would tend to (qt−1)|m| as β →∞. Therefore, we must divide the RHS of (5.6) by (qt−1)|m|
to get
[b˜m, b˜n] =
m(1− p|m|)
(qt−1)|m|
1− q|m|
1− t|m| δm+n,0, b˜m>0|∅˜〉 = 0. (5.8)
Also, when R6 → 0, the b˜k operators should not enter our story at all; in particular, the
commutation relations ought to be physically invalid when R6 → 0. Since a physically valid
commutation relation would either be equal to zero or some finite constant, as R6 → 0, i.e.,
as p→ 0, the RHS of (5.8) should blow up. In other words, we ought to modify (5.8) to
[b˜m, b˜n] =
m(1− p|m|)
(qt−1p)|m|
1− q|m|
1− t|m| δm+n,0, b˜m>0|∅˜〉 = 0 (5.9)
(where again, we have an |m|th power of p because it is also a parameter associated with the
radius of a circle in T2, i.e., it is on equal footing with q and t).
Third, from (5.5), it is clear that we can write
Φ˜cd(z) = Φ˜
c, b˜k
d (z) · Φ˜c, a˜kd (z) (5.10)
where Φ˜
c, a˜k(b˜k)
d is a vertex operator which involves the a˜k’s (b˜k’s). To obtain the explicit
expression for Φ˜cd, note that according to [41, Theorem 1.2], the Fock space F˜ spanned by the
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states |Ψ〉 in (5.5) (bearing in mind the commutation relations (5.3), (5.9) and (5.7)), affords
a representation of an elliptic generalization of the Ding-Iohara algebra we first encountered
in §3.2. Since the vertex operator Φ˜cd defines a map F˜d → F˜c from one Fock space associated
with parameter d to another associated with parameter c, by comparing the currents of the
Ding-Iohara algebra in [13, Fact 2.6] with the currents of the aforementioned elliptic Ding-
Iohara algebra in [41, Theorem 1.2], it is clear that Φ˜c, a˜kd can be obtained from (3.24) by
replacing the factor of (1− q±n) therein with (1− p|n|)(1− q±n), i.e.,
Φ˜c, a˜kd (z) = exp
(∑
n>0
1
n
c−n − d−n
(1− pn)(1− q−n) a˜n z
−n
)
exp
(
−
∑
n>0
1
n
cn − (t/q)ndn
(1− pn)(1− qn) a˜−n z
n
)
(5.11)
Likewise, Φ˜c, b˜kd can be obtained from (3.24) by replacing (i) the an/n and −a−n/n terms
therein with −b˜−n/n and b˜n/n, respectively; (ii) the factor of (1 − q±n) therein with (1 −
p|n|)(1−q±n)/p|n|; (iii) the factor of (1−qn)/(t/q)n therein with (1−p|n|)(1−qn)/(t/q)n(q/t)|n|p|n|:
Φ˜c, b˜kd (z) = exp
(
−
∑
n>0
1
n
pn (c−n − d−n)
(1− pn)(1− q−n) b˜−n z
−n
)
exp
(∑
n>0
1
n
pn (cn − dn)
(1− pn)(1− qn) b˜n z
n
)
(5.12)
One can readily check from (5.11), (5.12) and (5.10) that when R6 → 0 (whence p → 0),
(Φ˜c, b˜kd , Φ˜
c, a˜k
d )→ (1,Φcd) so Φ˜cd → Φcd, where Φcd is the 5d vertex operator in (3.24), as expected.
Clearly, in arriving at the boxed relations (5.1), (5.2), (5.3), (5.4), (5.7), (5.9), (5.10),
(5.11) and (5.12), we have just derived a 6d AGT correspondence for U(1) with Nf = 2
fundamental matter!
A 6d AGT Correspondence for SU(N) with Nf = 2N Fundamental Matter
Let us now proceed to consider an SU(N) theory with Nf = 2N fundamental matter.
Note that from the 6d generalization of fig. 3, we effectively have N D6-branes and 1 D4-
brane wrapping Ceff = T2 – that is, we effectively have an N × 1 = N -fold cover of Ceff . This
means that we ought to make the following replacements to get the corresponding result for
the SU(N) case.
Firstly, the vacuum state |∅˜〉 and its dual 〈∅˜| ought to be replaced by their N -tensor
product:
|0˜〉 = |∅˜〉⊗N and 〈0˜| = 〈∅˜|⊗N . (5.13)
Secondly, the vertex operators Φ˜wv and Φ˜
v
u in (5.1) ought to also be replaced by their
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N -tensor product
Φ˜wv (z1) = Φ˜
wN
vN
· · · Φ˜w1v1 (z1) and Φ˜vu(z2) = Φ˜v1u1 · · · Φ˜vNuN (z2) (5.14)
where c = (c1, c2, . . . , cN).
Thus, we can express the 6d Nekrasov instanton partition function for SU(N) with
Nf = 2N fundamental matter as
Z lin, 6dinst, SU(N)(q1, 1, 2,~a, ~m, β,R6) = 〈Φ˜wv (z1)Φ˜vu(z2)〉T2 (5.15)
where
Φ˜cd : F˜d1 ⊗ F˜d2 ⊗ · · · ⊗ F˜dN −→ F˜c1 ⊗ F˜c2 ⊗ · · · ⊗ F˜cN . (5.16)
Note that in the U(1) case, the dependence of Φ˜cd on the Coulomb modulus actually
drops out where it is replaced by a linear combination of the masses m1,2 which appears
in the parameter v in (5.2). In other words, in the SU(N) case, v = (v1, . . . , vN) would
be associated with the Coulomb moduli ~a = (a1, . . . , aN) (where
∑
i ai = 0), while w =
(w1, . . . , wN) and u = (u1, . . . , uN) would continue to be associated with the 2N masses
~m = (m1,m2, . . . ,m2N). As the parameters w,v,u must reduce to w, v, u in (5.2) when
N = 1, we conclude that
wi = e
−βmi , vi = e−βai , ui = e−βmN+i (5.17)
Since F˜c,d is a module over the elliptic Ding-Iohara algebra, (5.16) would mean that
Φ˜cd is a vertex operator of an N -tensor product representation of the elliptic Ding-Iohara
algebra. In turn, this means that
Φ˜cd : Ŵq,pN → Ŵq,pN (5.18)
where Ŵq,pN is a Verma module over Wq,pN , an elliptic affine WN -algebra.13
Clearly, in arriving at the boxed relations (5.14), (5.15), (5.17) and (5.18), we have just
derived a 6d AGT correspondence for SU(N) with Nf = 2N fundamental matter!
13This is true because the elliptic Ding-Iohara algebra acts on the N-tensor space F1 ⊗ · · · ⊗ FN as Wq,pN ,
an elliptic analog of WqN , a q-deformed affine WN -algebra. I would like to thank Y. Saito for an explanation
of this point.
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An Equivariant Elliptic Genus on Instanton Moduli Space and a Two-Point Correlation
Function of a 2d CFT with Elliptic Affine WN -Algebra Symmetry
Recall from our explanation in §3.3 that Zpure, 5dinst, SU(N) in (3.52) can be regarded as a
partition function associated with a (non-dynamically) g-gauged supersymmetric quantum
mechanical instanton with target LU(MSU(N)), the loop space of U(MSU(N)).14 In the same
way, Z lin, 6dinst, SU(N) can be regarded as a partition function associated with a (non-dynamically)
g-gauged supersymmetric quantum mechanical instanton with target LLU(MSU(N)), the
double loop space of U(MSU(N)). Consequently, according to [29], Z lin, 6dinst, SU(N) ought to be
given by some version of the elliptic genus of U(MSU(N)), whence we can also write (5.15)
as (c.f. [42])
∞∑
k=0
qk1 χg(i,~a)(U(MSU(N),k))(~m, τ) = 〈Φ˜wv (z1)Φ˜vu(z2)〉T2 (5.19)
where χg(M)(~m, τ) is the g-equivariant elliptic genus ofM which depends on the 2N funda-
mental matter masses ~m and the complex structure τ of the two-torus Σt whose independent
one-cycles have radii β and R6.
6. A 6d “Fully-Ramified” AGT Correspondence and an Elliptized Integrable
System
6.1. A 6d “Fully-Ramified” AGT Correspondence with Matter and an Elliptized Integrable
System
The “Fully-Ramified” 6d Nekrasov Instanton Partition Function with Nf = 2N Fundamental
Matter in the NS Limit and an Elliptized Integrable System
Let Z
lin, 5d(6d)
inst, SU(N)(q1, 1, 0,~a, ~m, β(, R6), T ) denote the “fully-ramified” 5d(6d) Nekrasov in-
stanton partition function in the NS limit 2 = 0 of the SU(N) theory on R4|1,2=0 ×
S1(×S1t ) with Nf = 2N fundamental matter of masses ~m, Coulomb moduli ~a, complex-
ified gauge coupling τ ′ where q1 = e2piiτ
′
, and S1 (and S1t ) radius β (and R6), such that
the SU(N) gauge group reduces to its maximal torus T along R2|1 ⊂ R4|1,2=0. Let
Z lin, 4dinst, SU(N)(q1, 1, 0,~a, ~m, T ) denote the same thing in 4d over R
4|1,2=0.
Note that the integrable system associated with the “unramified”, non-Omega-deformed
Nekrasov instanton partition function Z lin, 6dinst, SU(N)(q1, 0, 0,~a, ~m, β,R6, SU(N)), Z
lin, 5d
inst, SU(N)(q1, 0,
14Here, g ∈ U(1)× U(1)× T , where T ⊂ SU(N) is a Cartan subgroup.
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0,~a, ~m, β, SU(N)) and Z lin, 4dinst, SU(N)(q1, 0, 0,~a, ~m, SU(N)), is an XYZ, XXZ and SU(2) XXX
spin chain, respectively [43]. Upon adding a full defect and turning on Omega-deformation
in the NS limit, (i) according to [7, §7.2], Z lin, 4dinst, SU(N)(q1, 1, 0,~a, ~m, T ) = Z lin, 4dinst,1,T becomes a
simultaneous eigenfunction of commuting differential operators defined by the central ele-
ments of (the universal enveloping algebra of) an affine SU(N)-algebra at the critical level;
(ii) according to (4.18)–(4.19) and the discussion leading up to them, and our discussion in
§3.1 (which also applies to the 5d case with a defect), Z lin, 5dinst, SU(N)(q1, 0, 0,~a, ~m, β, SU(N)) =
Z lin, 5dinst,1,T becomes a simultaneous eigenfunction of commuting difference operators defined by
the central elements of a quantum affine SU(N)-algebra at the critical level; (iii) Z lin, 6dinst, SU(N)(q1,
0, 0,~a, ~m, β,R6, SU(N)) = Z
lin, 6d
inst,1,T
becomes a simultaneous eigenfunction of a set of com-
muting operators defined by the central elements of some algebra. These results are sum-
marized in the diagram below.
{Z lin, 6dinst ; XYZ} {Z lin, 5dinst ; XXZ} {Z lin, 4dinst ; XXX}
{Z lin, 6dinst,1,T ; ? }
{Z lin, 5dinst,1,T ;D
(l)
Uq(su(N)aff)crit
}
{Z lin, 4dinst,1,T ;D
(l)
su(N)aff,crit
}
full defect, NS
full defect, NS
full defect, NS
R6 → 0
R6 9 0
R6 → 0
R6 9 0
β → 0
β 9 0
β → 0
β 9 0
We shall now argue that Z lin, 6dinst,1,T is a simultaneous eigenfunction of a set of commuting
operators defined by the central elements of an elliptic affine algebra. To this end, first
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note that the XXX and XXZ integrable systems have underlying dynamical symmetries
generated [43] by Y (g) and Uq(gaff),
15 which are a Yangian and quantum affine algebra,
respectively, such that Y (g) acts [44] on the irreducible integrable representations of gaff . In
other words, we can associate gaff and Uq(gaff) with the symmetries of the XXX and XXZ
integrable systems. This is reflected in the fact that Z lin, 4dinst,1,T and Z
lin, 5d
inst,1,T
are simultane-
ous eigenfunctions of commuting operators D(l)su(N)aff,crit and D
(l)
Uq(su(N)aff)crit
which are defined
purely by an affine and quantum affine Lie algebra, respectively, as shown in the diagram
above.
Second, note that the XYZ integrable system has an underlying dynamical symme-
try generated [45] by Eτ,η(g),
16 which is an elliptic quantum group first defined by Felder
in [46]. Further note that the representations of Eτ,η(g) are isomorphic to the representa-
tions of Up,q(gaff) [47], an elliptic affine G-algebra first defined by Konno in [48] that is a
two-parameter generalization of Uq(gaff), i.e., U0,q(gaff) = Uq(gaff). In sum, this means that
we can associate Up,q(gaff) with the symmetry of the XYZ integrable system.
Third, let us identify p with R6 and q with e
β. Then, as R6 → 0, we have Up,q(gaff)→
Uq(gaff), and when β → 0, we have Uq(gaff) → U(gaff), the universal enveloping algebra of
gaff . These statements hold vice-versa, so that with regard to the central elements of these
algebras at the critical level, we have
D(l)Up,q(gaff)crit D
(l)
Uq(gaff)crit
D(l)gaff,crit
R6 → 0
R6 9 0
β → 0
β 9 0
where the D(l)Up,q(gaff)crit ’s are a set of commuting operators defined by the central elements of
Up,q(gaff)crit, just as the D(l)Uq(gaff)crit ’s and D
(l)
gaff,crit ’s are sets of commuting operators defined
by the central elements of Uq(gaff)crit and U(gaff)crit, respectively.
Altogether, the preceding three paragraphs and diagram mean that
D(l)Up,q(su(N)aff)crit · Z
lin, 6d
inst, SU(N)(q1, 1, 0,~a, ~m, β,R6, T ) = E (l)Up,qZ lin, 6dinst, SU(N)(q1, 1, 0,~a, ~m, β,R6, T )
(6.1)
where the E (l)Up,q ’s are complex eigenvalues; l = 1, 2, . . . , N − 1; and the N − 1 commut-
ing operators D(1)Up,q(su(N)aff)crit , . . . ,D
(N−1)
Up,q(su(N)aff)crit
can be identified with the generators of a
classical two-parameter-deformed affine WN -algebra [49]. As claimed, Z lin, 6dinst,1,T is a simul-
taneous eigenfunction of a set of commuting operators defined by the central elements of
15Here, the Lie algebra g = su(2), and gaff is its affine generalization.
16Here, the Lie algebra is again g = su(2).
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Up,q(su(N)aff)crit, an elliptic affine SU(N)-algebra at the critical level, whence (6.1) defines
an elliptized (i.e. two-parameter deformed) integrable system.
A 6d “Fully-Ramified” AGT Correspondence for SU(N) with Nf = 2N Fundamental Matter
in the NS Limit
According to §3.1 and its obvious generalization to the “fully-ramified” 6d case, (6.1)
and (5.1) would mean that
Z lin, 6dinst, SU(N)(q1, 1, 0,~a, ~m, β,R6, T ) = 〈Φ˜~m1~a (z1)Φ˜~a~m2(z2)〉T2 (6.2)
where ~m1 = (m1, . . . ,mN) and ~m2 = (mN+1, . . . ,m2N) are the masses of the Nf = 2N
fundamental matter, and Φ˜~mi~a is a (~mi,~a)-dependent vertex operator of Ûp,q(su(N)aff)crit, an
integrable module over Up,q(su(N)aff)crit, i.e.,
Φ˜~mi~a : Ûp,q(su(N)aff)crit → Ûp,q(su(N)aff)crit (6.3)
Clearly, in arriving at the boxed relations (6.2) and (6.3), we have just derived a 6d
“fully-ramified” AGT correspondence for SU(N) with Nf = 2N fundamental matter!
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